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Abstrat
In the one nuleon setor of Nelson's massless model with an ultraviolet ut-o and no
infrared regularization, one partile improper states are onstruted and a sattering theory is
developed both for the massless salar eld and for the non-relativisti partile. One partile
improper states are obtained onstrutively by iterating an analyti perturbation of isolated
eigenvalues. Sattering states are onstruted by exploiting some properties of (non-relativisti)
loality of the model and starting from minimal asymptoti nuleon states. They represent
asymptoti ongurations where a loud of (soft) mesons always appears even if their energy
may be arbitrarily small.
∗
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Introdution
The model I will examine desribes the ovariant interation (under spatial trans-
lation) between mesons and a non-relativisti nuleon. The rigorous study of the
model was started by Nelson [1℄, in order to remove the ultraviolet ut-o in the
interation, in the ase of massive mesons.
Then, it was used as a toy model to give a onsistent explanation of interation be-
tween radiation and matter, in partiular of a single harged partile with radiation
eld.
The most important results on the subjet are ontained in [2℄ . They regard both
the ase of massive mesons and the massless ase. In partiular they show the ex-
istene of a subspae of one partile states for the hamiltonian (it means that the
hamiltonian ats on them as a funtion of the total impulse) in the massive ase and
the absene of suh a subspae in the other ase (if there is no infrared regularization
in the interation term). Reently [3℄ the model was studied in order to prove asymp-
toti ompleteness, adding some more onditions (onnement of the non-relativisti
partile).
In this paper I study the interation of a non-relativisti nuleon with massless
mesons, without infrared regularization. The aim is to prove that a desription of
the asymptoti dynamis exists one the ultraviolet ut-o is xed in the interation
and for suiently small values of the oupling onstant; the result is a sattering
theory in a physial relevant subspae with an expliit interpretation with respet to
the asymptoti dynamial variables.
The interation without infrared regularization involves additional diulties with
respet to previous treated versions:
- the absene of a ground state for the hamiltonians at xed total momentum;
- the massless dispersion of smearing test funtions in L.S.Z. meson eld operators.
These operators have to dene a free meson eld in the asymptoti limit.
My approah to sattering is dierent from the traditional one in two aspets:
- the rst one onsists in using some mehanism of the sattering in quantum eld
theory (Haag-Ruelle formulation), by exploiting the loality properties at xed time
of the model;
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- the seond one is tehnial and regards the determination of the limit, for σ → 0,
of the ground states of the hamiltonians with an infrared ut-o σ, at xed total
momentum and properly transformed. I will use an iterative proedure (dierent
from the operatorial renormalization group [4℄ by Bah, Froehlih and Segal) whih
gives a strong onvergene with an error estimable in terms of the infrared ut-o
that we have to remove.
Finally, I observe that some of these ideas and tehniques an be used in the study
of sattering in the one-eletron setor of non relativisti quantum eletrodynamis.
Denition of the model.
The system onsists of a non-relativisti spinless quantum partile of mass m, whih
is oupled to the massless boson eld. The non-relativisti partile is desribed by
position and momentum variables with usual anoni ommutation rules (..r.)
[xi, pj] = iδi,j (h¯ = 1) ;
the meson eld is desribed by A (0,y) = 1√
2π
3 · ∫ (a† (k) e−ik·y + a (k) eik·y) d3k√
2|k|
(c = 1), where a† (k) , a (k) are reation and destrution operator valued distribu-
tions whih satisfy the ..r.
[a (k) , a (q)] =
[
a† (k) , a† (q)
]
= 0[
a (k) , a† (q)
]
= δ3 (k− q)
The spatial translations are implemented by the total momentum
P = p+Pe.m. = p+
∫
ka† (k) a (k) d3k ;
the time evolution is given by the ovariant hamiltonian ([H,P] = 0)
H = p
2
2m
+ g
∫ κ
0
(
a (k) eik·x + a† (k) e−ik·x
)
d3k√
2|k| 12
+Hmes
where κ is the ultraviolet ut-o and g is the oupling onstant.
The Hilbert spae of the system is H= L2 (R3) ⊗ F , where F is the Fok spae
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with respet to the operator valued distributions
{
a† (k) , a (k)
}
. An element of H is
a sequene {ψn} of funtions on R3n+1 with ‖ψ‖ <∞, where
‖ψ‖2 = ∑∞n=0 ∫ ψn (x,k1, ..kn)ψn (x,k1, ..kn) d3k1...d3knd3x and eah ψn (x,k1, ..kn)
is symmetri in k1, ...kn. The n = 0 omponent orresponds to the vauum subspae
tensorized with the non-relativisti partile spae L2 (R3).
Standard results about Hand P :
i) The operators P = p⊗1+1⊗ ∫ ka† (k) a (k) d3k are essentially self-adjoint (e.s.a.)
in D ≡ ∨n∈ℵ h⊗ ψn, whih is the set of nite linear ombinations of vetors of wave
funtion h (x)ψn (k1, ...kn), where h (x) ∈ S (R3) and where ψn (k1, ...kn) ∈ S (R3n)
simm. ,n ∈ ℵ. Sine p, ∫ ka† (k) a (k) d3k are e.s.a. respetively in S (R3) and in∨
n∈ℵ ψ
n
, the result follows for P operators.
ii) The interation term in the hamiltonian is a Kato's small perturbation with re-
spet toH0 ≡ p22m+Hmes; therefore the hamiltonianH is e.s.a. inD ≡
∨
n∈ℵ h⊗ψnand
D (H) ≡ D (H0).
iii) The groups eia·Pe eiτH ( τ, ai ∈ R ) ommute.
iv) The joined spetral deomposition of the spae H, with respet to P opera-
tors, is written H= ⊕ ∫HPd3P , where HP is isomorphi to F .
In fat, to the improper eigenvetors (of the P operators) ψnP of wave funtion
ψnP (x,k1, ..kn) = (2π)
−3
2 ei(P−k1−...−kn)·xψnP (k1, ..kn)
we an relate a natural salar produt:
(φnP, ψ
m
P ) = δn,m
∫
φnP (k1, ..kn)ψ
m
P (k1, ..kn) d
3k1...d
3kn
(0.1)
The vetorial spae
{∨
n∈ℵ ψnP
}
is obtained as losure of the nite linear ombi-
nations of the ψnP, in the norm whih derives from the salar produt (0.1). Starting
from this spae we uniquely dene the linear appliation
IP :
∨
n∈ℵ
ψnP → F b
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by the presription:
IP (ψ
n
P (x,k1, ..kn)) =
1√
n!
∫
b† (k1) ....b† (kn)ψnP (k1, ..kn) d
3k1...d
3knψ0
where b (k) , b† (k) formally orrespond to a (k) eik·x, a† (k) e−ik·x. They are destru-
tion and reation operator valued distributions in the Fok spae F b ∼= F . The norm
given by (0.1) for ψnP is equal to ‖IP (ψnP)‖F ( ‖‖F is the Fok norm).
Main results.
The results will be presented in two parts.
The rst one regards the determination of the ground states ψ
σj
P of the hamilto-
nians
HP,σj =
(Pmes)2
2m
− P·Pmes
m
+ P
2
2m
+ g
∫ κ
σj
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes
at xed total momentum P, restrited to the set Σ ≡ {P : |P| ≤ √m}, where
σj = ǫ
j+1
2 , 0 < ǫ <
(
1
4
)16
and j ∈ ℵ, is the infrared ut-o.
The main results are:
1) Theorem 1.5
HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
has unique ground state ψ
ǫ
√
ǫ
P with gap bigger than
ǫ
√
ǫ
2 ; ψ
ǫ
√
ǫ
P (unnormalized)) is
ψ
ǫ
√
ǫ
P = −
1
2πi
∮
1
HP,ǫ
√
ǫ − E
dE ψǫP
where the integral is alulated around the point EǫP , E ∈ C and s.t. |E − EǫP| = 11ǫ
√
ǫ
20
In its generalization to generi j, this result and Corollary 1.6 allow to onstrut
the sequene of ground states
{
ψǫ
j+1
2
P
}
for suiently small g.
2) In theorem 2.3 and 2.3bis. the strong onvergene of the sequene
{
φǫ
j+1
2
P
}
is proved for small oupling onstant g, with an error
∥∥∥∥φP − φǫ j+12P ∥∥∥∥ ≤ ǫ j+116 , where
φP = s − limj→∞ φǫ
j+1
2
P . The vetors
{
φǫ
j+1
2
P
}
are the ground states of the trans-
formed hamiltonians
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Hw
P,ǫ
j+1
2
= W
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
H
P,ǫ
j+1
2
W
†
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
(where W
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
= e
−g
∫
κ
ǫ
j+1
2
b(k)−b†(k)
|k|
(
1−k̂·∇Eǫ
j+1
2 (P)
) d3k√
2|k|
)
⇔
In the seond part, I will treat the sattering. I will assume a tehnial hypothe-
sis that is not proved in the spetral analysis:
1
there exists a positive onstant mr suh that
hypothesis B1
∂Eσ(P)
∂|P| ≥ |P|mr e
∂2Eσ(P)
∂2|P| ≥ 1mr ∀σ
The main result is the onstrution of the generi minimal asymptoti nuleon state
ψ
out(in)
G (G is the wave funtion, in variables P, of the one-partile state from whih
the onstrution of the minimal asymptoti nuleon state starts). It is dened by
the strong onvergene of the approximating vetor ψG (t). This subjet is disussed
in the paragraph 4.2. The result is proved in theorem 4.1.
∃C, ρ > 0 s.t. ‖ψG (t)− ψoutG ‖ ≤ Ctρ
From this result, the onstrution of sattering subspaes H
out(in)
and the deni-
tion of asymptoti dynamial variables easily follow:
theorem 5.2
The funtions of nuleon mean veloity, ontinuous and of ompat support, have
asymptotially strong limits in H
out
; in partiular:
s− limt→+∞eiHtf
(
x
t
)
e−iHtψoutG,ϕ = ψ
out
G·f̂ ,ϕ where f̂ (P) ≡ limσ→0f (∇Eσ (P))
orollary 5.3
In the spaes H
out
, the asymptoti meson algebraAout is dened as the norm losure of
1
In this respet, I ite the result T.Chen ommuniated me: the funtion E (P) has ontinuous 2nd derivatives.
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the *algebra generated by the set of Weyl operators {W out (µ) : µ˜ (k) ∈ C∞0 (R3 \ 0)}:
W out (µ) = s− lim
t→+∞ e
iHte−iH
mestei(a(µ)+a
†(µ))eiH
meste−iHt
Part I
Spetral Analysis.
The iterative proedure aims at onstruting the sequene
{
ψ
σj
P
}
of ground states of
the hamiltonians HP,σj
HP,σj =
(Pmes)2
2m
− P·Pmes
m
+ P
2
2m
+ g
∫ κ
σj
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes
where σj = ǫ
j+1
2 0 < ǫ <
(
1
4
)16
j ∈ ℵ .
The proedure starts from the omparisons between the resolvents of the hamil-
tonians HP,σjand HP,σj+1 . It reursively uses the Kato's theorem on analyti pertur-
bation of isolated eigenvalues (of self-adjoint operators) to relate the ground states
ψ
σj
P and ψ
σj+1
P ; at eah step two piees of information are required:
1) a lower bound for the gap (with respet to the ground eigenvalue) of the hamilto-
nian HP,σj restrited to the subspae
F+σj+1 ≡
{∨
n∈ℵ ψn (k1, ...kn) : n ∈ ℵ, ψn (k1, ...kn) ∈ L2 (R3n) simm. , |ki| ≥ σj+1 1 ≤ i ≤ n
}
;
2) an estimate of the dierene ∆HP |σjσj+1≡ HP,σj+1 |F+σj+1 −HP,σj |F+σj+1 between two
subsequent infrared ut-o hamiltonians; this is small with respet to HP,σj |F+σj+1 in
a generalized sense, whih means that it is possible to expand the spetral projetion
of HP,σj+1 |F+σj+1on the ground eigenvalue in a perturbative series in terms of the
resolvent of HP,σj |F+σj+1 and of the dierene ∆HP |
σj
σj+1.
The onvergene of the sequene
{
ψ
σj
P
}
is a problem of perturbation of an eigen-
value in the ontinuum, preisely of the ground eigenvalue of the hamiltonian H0P =
= (P
mes)2
2m
− P·Pmes
m
+ P
2
2m
+ Hmes . If the exponent of |k| in the interation term of
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the hamiltonian were larger than − 12 , the norm estimates about resolvents would be
suient not only to onstrut the sequene
{
ψ
σj
P
}
but also to gain the onvergene.
The physial ase − 12 is a limit ase whih requires inequivalent representations of
the variables
{
b (k) , b† (k)
}
at dierent P, and strong estimates of the series expan-
sion of the dierene between two subsequent ground eigenvetors in order to have
onvergene.
In the ase P = 0 the right representation is expliitly known by symmetry. The
only problem is to improve some estimates of some terms in the iterative proedure,
in order to gain the onvergene; in the ase P 6= 0, the representation problem
is solved by transforming, step by step, the hamiltonian in a anoni form . Suh
anoni form is analogous, as regards the onvergene problem, to the ase P = 0.
In the limit we obtain the representation of
{
b (k) , b† (k)
}
given by the non-Fok
oherent transformation:
W (P) = e
−g
∫ κ
0
b(k)−b†(k)
|k|(1−k̂·∇E(P))
d3k√
2|k|
Sine suh representations of
{
b (k) , b† (k)
}
are inequivalent for dierent P, we have
to fae the problem of the existene of the vetor
∫
φPd
3P where φP is the limit in
Fok spae of the ground states of the transformed hamiltoniansWσ (P)HP,σW†σ (P).
The suient onditions to dene
∫
φPd
3P are explored in hapter 3.
1 Constrution of the sequene
{
ψ
σj
P
}
.
In the present hapter I only onstrut the sequene. In order to do it, I introdue
some preliminary lemmas (1.1, 1.2, 1.3, 1.4). The are neessary to perform the rst
step of the iterative proedure ontained in theorem 1.5. In the results of theorem 1.5
there are the hypotheses to repeat the same proedure with a smaller infrared ut-o.
Finally in orollary 1.6 the sequene of ground states
{
ψǫ
j+1
2
P , j ∈ ℵ
}
is onstruted.
The lemma 1.4 is ruial to the prove theorem 1.5. Starting from the perturbative
series of the resolvents of the hamiltonians, it allows to state that the norm dierene
between the ground states of H
P,ǫ
j+2
2
and of H
P,ǫ
j+1
2
is of order 1.
The initial hypotheses are:
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- at the rst step, the infrared ut-o is ǫ < κ , 0 < ǫ <
(
1
4
)16
;
- the mass m satises m > 25 · 420;
-the oupling onstant g > 0 and the ultraviolet ut-o κ satisfy the relation
2πg2κ ≤ 1
4
;
- the momentum P are restrited to the set Σ ≡ {P : |P| ≤ √m} .
We synthesize the ontent of the lemmas:
- lemma 1.1 is a simple appliation of Kato's theorem to the hamiltonian with in-
frared ut-o ǫ in order to x a oupling onstant gǫ suh that a unique ground
state ψǫP exists of energy E
ǫ
P where the gap is bigger than
ǫ
2
, for P in the set
Σ ≡ {P : |P| ≤ √m};
- in the lemma 1.2 I study the operator HP,ǫ restrited to the subspae F
+
ǫ
√
ǫ
. Under
the initial assumptions, ψǫP ⊗ ψ0 is the unique ground state of HP,ǫ |F+
ǫ
√
ǫ
of energy
EǫP and its gap is bigger than
3
5
ǫ
√
ǫ;
- lemma 1.3 proves that the ground energy is inreasing in the infrared ut-o:
EǫP ≥ Eǫ
√
ǫ
P .
Lemma 1.1
Given ǫ and for P ∈ Σ ≡ {P : |P| ≤ √m}, there is a value for the oupling onstant
gǫ ≡ gǫ (m, κ) suh that the ground state ψǫP of HP,ǫ |F+ǫ exists unique and the or-
responding eigenvalue EǫP is isolated. Its gap is bigger than
ǫ
2
.
Proof.
If P ∈ Σ ≡ {P : |P| ≤ √m} and ϕ ∈ Db ⋂F+ǫ ( Db = ∨n∈ℵ ψn the dense set in
F+ whih is generated by the nite linear ombinations of vetors of a nite number
of mesons (b, b†) and of (symmetri) wave funtion ψn (k1, ..,kn) ∈ S (R3n) , n ∈ ℵ)
we have:(
ϕ,
(
H0P − P
2
2m
)
ϕ
)
=
(
ϕ,
(
(Pmes)2
2m
− P·Pmes
m
+Hmes
)
ϕ
)
≥
9
≥
(
ϕ,
(
−P·Pmes
m
+Hmes
)
ϕ
)
=
(
ϕ,
∫+∞
ǫ
(
|k| − k · P
m
)
b† (k) b (k) d3kϕ
)
;
therefore, if P ∈ Σ, the vauum vetor ψ0 is the ground eigenvetor of H0P, of
energy
P2
2m
.
Let us onsider the perturbation
HIP,ǫ ≡ g
∫ κ
ǫ
1√
2 |k| 12
(
b (k) + b† (k)
)
d3k
and an integration irle γ in the omplex plane of radius 3
4
ǫ and entered in E0P =
P2
2m
.
E0P =
P2
2m
is the eigenvalue of the ground state ψ0 of H
0
P |F+ǫ when P ∈ Σ. By Kato's
theorem , for g suiently small and uniform in P ∈ Σ, g ≤ gǫ, there is a unique
ground state ψǫP of HP,ǫ |F+ǫ , of energy EǫP < 14ǫ + P
2
2m
; moreover no other point of
the spetrum of HP,ǫ |F+ǫ ⊖ψǫP is inside γ .
Therefore the inf spec
(
HP,ǫ |F+ǫ
)
is EǫP and the related gap is bigger than
1
2
ǫ.
Remark
The ultraviolet ut-o κ and the mass m, with the initial onstraints, are xed.
The value of g will be onstrained several times during the proedure; at eah time I
will all g the maximum value suh that the onstraint under examination is satised
and the previous onstraints too.
Lemma 1.2
If ψǫP is the ground state of HP,ǫ |F+ǫ with gap bigger than 12ǫ, then ψǫP is the ground
state of HP,ǫ |F+
ǫ
√
ǫ
(with the same eigenvalue) and its gap is bigger than
3
5
ǫ
√
ǫ.
Proof.
The proof is in two steps:
a) at rst, I analyze the hamiltonian HP,ǫ |F+ǫ plus terms of the dierene
HP,ǫ |F+
ǫ
√
ǫ
−HP,ǫ |F+ǫ in whih the meson eld modes of frequeny between ǫ
√
ǫ and
ǫ do not interat with frequenies bigger than ǫ;
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b) then I will onsider the interation with frequenies bigger than ǫ too.
←→
a)
We deompose F+
ǫ
√
ǫ
as F+ǫ ⊗F ǫǫ√ǫ, where F ǫǫ√ǫ is the tensorial sub-produt dened as
follows
F ǫǫ
√
ǫ ≡
{∨
ψn (k1, ...kn) : n ∈ ℵ, ψn (k1, ...kn) ∈ L2
(
R3n
)
simm. , ǫ ≥ |ki| ≥ ǫ
√
ǫ ,1 ≤ i ≤ n
}
I introdue the intermediate hamiltonian ĤP,ǫ |F+
ǫ
√
ǫ
:
ĤP,ǫ |F+
ǫ
√
ǫ
≡ 1
2m
(Pmes |+∞ǫ )2⊗1− P·P
mes |+∞ǫ
m
⊗1+ P2
2m
⊗1+ ∫ +∞ǫ |k| b† (k) b (k) d3k⊗1+
+g
∫ κ
ǫ
(
b (k) + b† (k)
)
d3k√
2|k| 12
⊗ 1 + 1⊗
{
1
2m
(
Pmes |ǫ
ǫ
√
ǫ
)2
+ 3
4
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k
}
that I denote as H1 ⊗ 1 + 1⊗H2.
I observe that ∀ϕ1 ∈ F+ǫ and ∀ϕ2 ∈ F ǫǫ√ǫ, ϕ1and ϕ2 normalized vetors, we have
(
ϕ1 ⊗ ϕ2, ĤP,ǫ |F+
ǫ
√
ǫ
ϕ1 ⊗ ϕ2
)
= (ϕ1, H1ϕ1) + (ϕ2, H2ϕ2) ≥ (ϕ1, H1ϕ1) ≥ EǫP
(1)
sine
• H2 = 12m (Pmes)
2 |ǫ
ǫ
√
ǫ
+3
4
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k is a positive operator
• (ϕ1, H1ϕ1) =
(
ϕ1, HP,ǫ |F+ǫ ϕ1
)
if ϕ1 ∈ F+ǫ
Starting from the joined spetral deomposition of H1 ⊗ 1 and 1⊗H2 in F+ǫ ⊗ F ǫǫ√ǫ
we onlude that:
1) EǫP is the ground energy of ĤP,ǫ |F+
ǫ
√
ǫ
, otherwise the ondition (1) is not valid;
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2) the gap of EǫP (orresponding to the eigenvetor ψ
ǫ
P ⊗ ψ0, ψ0 is the Fok va-
uum) is bigger than min
{
3
4
ǫ
√
ǫ, ǫ
2
}
; by the hypothesis ǫ <
(
1
4
)16
, then the gap is
bigger than
3
4
ǫ
√
ǫ .
b)
HP,ǫ |F+
ǫ
√
ǫ
= ĤP,ǫ |F+
ǫ
√
ǫ
+
Pmes |ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P) + 14
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k
I dene:
∆ĤP,ǫ |F+
ǫ
√
ǫ
≡ P
mes|ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P) + 14
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k =
=
Pmes|ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P) + 15
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k + 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k
Let us observe that from the deomposition of F+
ǫ
√
ǫ
= F+ǫ ⊗F ǫǫ√ǫ in the two orthogonal
subspaes F1⊕F2, where F1 ≡ {ϕ⊗ ψ0 : ϕ ∈ F+ǫ } and F2 ≡
{
ϕ⊗ ψ : ϕ ∈ F+ǫ , ψ ∈ F ǫǫ√ǫ ψ⊥ψ0
}
,
we have:
HP,ǫ |F+
ǫ
√
ǫ
: F1 → F1
HP,ǫ |F+
ǫ
√
ǫ
: F2 → F2.
Spetrum of HP,ǫ |F1.
Sine HP,ǫ |F1≡ ĤP,ǫ |F1the nal results 1) and 2) of a) are valid.
Spetrum of HP,ǫ |F2.
In order to verify that inf spec (HP,ǫ |F2) ≥ EǫP + 35ǫ
√
ǫ , I will prove the inequal-
ity
inf spec
(
HPǫ |F2 −
1
20
∫ ǫ
ǫ
√
ǫ
|k| b† (k) b (k) d3k |F2
)
≥ EǫP +
3
5
ǫ
√
ǫ
12
whih implies the previous one and that will be useful in the lemma 1.4.
Given the joined spetral deomposition of the operators:
- H2 =
1
2m
(Pmes)2 |ǫ
ǫ
√
ǫ
+3
4
Hmes |ǫ
ǫ
√
ǫ
,
- Pmes
l |ǫ
ǫ
√
ǫ
l = 1, 2, 3
-
1
5
Hmes |ǫ
ǫ
√
ǫ
it is easy to verify that if two vetors ϕj and ϕj′ in F
ǫ
ǫ
√
ǫ
have disjoint spetral
supports, we have
(ϕ⊗ ϕj′, HP,ǫ |F2 ϕ⊗ ϕj) =
(
ϕ⊗ ϕj′,
(
ĤP,ǫ |F2 +∆ĤP,ǫ |F2
)
ϕ⊗ ϕj
)
= 0
Therefore, it is possible to restrit the analysis to the mean value of
HP,ǫ |F2 − 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k |F2 applied to normalized vetors like ϕ ⊗ ϕj,
where ϕ ∈ F+ǫ is in the domain of ĤP,ǫ, ϕj ∈ F ǫǫ√ǫ is in the domain of Hmes |ǫǫ√ǫ:(
ϕ⊗ ϕj, HP,ǫ |F2 − 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k |F2 ϕ⊗ ϕj
)
=
=
{(
ϕ⊗ ϕj , ĤP,ǫ |F2 ϕ⊗ ϕj
)
+ 2
(
ϕ⊗ ϕj ,
Pmes|ǫ
ǫ
√
ǫ
2m
(Pmes |+∞ǫ −P)ϕ⊗ ϕj
)
+
+
(
ϕ⊗ ϕj, 15Hmes |ǫǫ√ǫ ϕ⊗ ϕj
)}
I study the quantity written above as a funtion of two independent variables:
• cj ≡
(
ϕj,
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3kϕj
)
• E
P,ϕ⊗ϕj ≡
(
ϕ⊗ ϕj, ĤP,ǫ |F+
ǫ
√
ǫ
ϕ⊗ ϕj
)
with the onstraints cj > 0 and EP,ϕ⊗ϕj ≥ EǫP + 34ǫ
√
ǫ.
Let us note that
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ĤP,ǫ |F+
ǫ
√
ǫ
− 1
2m
(Pmes |+∞ǫ −P)2 − 12m
(
Pmes |ǫ
ǫ
√
ǫ
)2
+ 2πg2κ ≥ 0
{ [
Pmes |ǫ
ǫ
√
ǫ
,Pmes |+∞ǫ
]
= 0
from whih it follows that(
ϕ⊗ ϕj, ĤP,ǫ |F2 ϕ⊗ ϕj
)
+
(
ϕ⊗ ϕj ,
Pmes |ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P)ϕ⊗ ϕj
)
+ 2πg2κ ≥ 0
Sine
HP,ǫ |F+
ǫ
√
ǫ
= ĤP,ǫ |F+
ǫ
√
ǫ
+
Pmes |ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P) + 14
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k
for cj ≥ 5(
ϕ⊗ ϕj, { HP,ǫ |F2 − 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k |F2 }ϕ⊗ ϕj
)
=
=
(
ϕ⊗ ϕj, { ĤP,ǫ |F+
ǫ
√
ǫ
+
Pmes|ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P) + 15
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k }ϕ⊗ ϕj
)
≥
≥ 1
5
cj − 2πg2κ ≥ 1− 2πg2κ
In order to study the ase 0 < cj < 5, sine ĤP,ǫ + 2πg
2κ −
(
Pmes
l |+∞ǫ −P l
)2
2m
is a
positive operator, I observe that
∣∣∣∣(ϕ⊗ ϕj, Pmes|ǫǫ√ǫm (Pmes |+∞ǫ −P)ϕ⊗ ϕj
)∣∣∣∣ = ∣∣∣∣(ϕ, (Pmes |+∞ǫ −P)ϕ) · (ϕj , Pmes |ǫǫ√ǫm ϕj
)∣∣∣∣ ≤
≤ ∑3l=1 1m ∣∣∣(ϕ, (Pmesl |+∞ǫ −P l)ϕ)∣∣∣ ∣∣∣(ϕj, ∫ ǫǫ√ǫ |k| b† (k) b (k) d3kϕj)∣∣∣ ≤
≤
(
EP,ϕ⊗ϕj + 2πg
2κ
) 1
2 · 3
√
2
m
(
ϕj,
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3kϕj
)
≤
≤
(
EP,ϕ⊗ϕj + 2πg
2κ
) 1
2 · 3cj
√
2
m
from whih(
ϕ⊗ ϕj,
(
HP,ǫ |F2 − 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k |F2
)
ϕ⊗ ϕj
)
=
14
=
{(
ϕ⊗ ϕj , ĤP,ǫ |F2 ϕ⊗ ϕj
)
+
(
ϕ⊗ ϕj ,
Pmes |ǫ
ǫ
√
ǫ
m
(Pmes |+∞ǫ −P)ϕ⊗ ϕj
)
+
+
(
ϕ⊗ ϕj, 15Hmes |ǫǫ√ǫ ϕ⊗ ϕj
)}
≥ EP,ϕ⊗ϕj − 3cj
√
2
m
(
EP,ϕ⊗ϕj + 2πg
2κ
) 1
2 + 1
5
cj
I dene the funtion:
f
(
EP,ϕ⊗ϕj , cj
)
≡ EP,ϕ⊗ϕj−3cj
√
2
m
(
EP,ϕ⊗ϕj + 2πg
2κ
) 1
2+1
5
cj−
{
4
5
(
EP,ϕ⊗ϕj − EǫP
)
+ EǫP
}
=
= 1
5
EP,ϕ⊗ϕj − 3cj
√
2
m
(
EP,ϕ⊗ϕj + 2πg
2κ
) 1
2 + 1
5
cj − 15EǫP
Analysis of f
(
EP,ϕ⊗ϕj , cj
)
.
First of all we observe that the positivity of f
(
EP,ϕ⊗ϕj , cj
)
implies:(
ϕ⊗ ϕj,
(
HP,ǫ |F2 − 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k |F2
)
ϕ⊗ ϕj
)
≥
≥ 4
5
(
EP,ϕ⊗ϕj −EǫP
)
+ EǫP ≥ 35ǫ
√
ǫ+ EǫP
Disussion
For the initial assumptions m >
(
75√
2
)2
e 2πg2κ < 1
4
; the values of the variables
of f to be onsidered are: 0 < cj < 5 and EP,ϕ⊗ϕj ≥ EǫP + 34ǫ
√
ǫ.
I will onsider separately two ases:
i) if EP,ϕ⊗ϕj ≤ 1− 2πg2κ ,
then
1
5
cj − 3cj
√
2
m
(
EP,ϕ⊗ϕj + 2πg
2κ
) 1
2 ≥ 0
from whih f
(
EP,ϕ⊗ϕj , cj
)
≥ 1
5
(
EP,ϕ⊗ϕj − EǫP
)
> 0;
15
ii) if EP,ϕ⊗ϕj > 1− 2πg2κ ,
let us observe that
∂
∂EP,ϕ⊗ϕj
f
(
EP,ϕ⊗ϕj , cj
)
≡ 1
5
− 3cj 1√2m
(
EP,ϕ⊗ϕj + 2πg
2κ
)− 1
2
from
whih
∂
∂EP,ϕ⊗ϕj
f
(
EP,ϕ⊗ϕj , cj
)
≥ 0 for EP,ϕ⊗ϕj ≥
(
15cj
1√
2m
)2− 2πg2κ, that is a min-
imum value at xed cj ; sine
(
15cj
1√
2m
)2
< 1, by exploiting the result i), we arrive
at f
(
EP,ϕ⊗ϕj , cj
)
≥ f
((
15cj
1√
2m
)2 − 2πg2κ, cj) > 0 .
If EǫP +
3
5
ǫ
√
ǫ ≤ 1− 2πg2κ, the previous results tell us that
infϕ⊗ϕj
(
ϕ⊗ ϕj, { HP,ǫ |F2 − 120
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k |F2 }ϕ⊗ ϕj
)
≥ EǫP + 35ǫ
√
ǫ
Conlusion
The results in a) and b) imply that, if EǫP+
3
5
ǫ
√
ǫ ≤ 1−2πg2κ then the minimum
value of the spetrum of HP,ǫ |F+
ǫ
√
ǫ
is EǫP and the gap is bigger or equal to
3
5
ǫ
√
ǫ. For the lemma 1.1 the value of the oupling onstant is suh that EǫP <
1
4
ǫ+ P
2
2m
.
Sine ǫ <
(
1
4
)16
, 2πg2κ < 1
4
and P ∈ Σ, the ondition EǫP + 35ǫ
√
ǫ ≤ 1 − 2πg2κ is
satised.
Lemma 1.3
The following relation between EǫP, E
ǫ
√
ǫ
P (ground energy of HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
) holds:
EǫP ≥ Eǫ
√
ǫ
P ≥ EǫP − 40πg2ǫ
Proof.
HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
= 1
2m
(Pmes |+∞ǫ )2⊗1+
∫+∞
ǫ |k| b† (k) b (k) d3k⊗1−P·P
mes |+∞ǫ
m
⊗1+ P2
2m
⊗1+
16
+g
∫ κ
ǫ
(
b (k) + b† (k)
)
d3k√
2|k| 12
⊗ 1 + 1⊗ 1
2m
(
Pmes |ǫ
ǫ
√
ǫ
)2
+Pmes |+∞ǫ ⊗
Pmes |ǫ
ǫ
√
ǫ
m
+
−1 ⊗ P·P
mes |ǫ
ǫ
√
ǫ
m
+ 1⊗ ∫ ǫǫ√ǫ |k| b† (k) b (k) d3k + 1⊗ g ∫ ǫǫ√ǫ (b (k) + b† (k)) d3k√
2|k| 12
The mean value of HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
on ψǫP ⊗ ψ0 (normalized) is EǫP.
By denition, E
ǫ
√
ǫ
P is the inf of the mean value of HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
on the normalized ve-
tors in F+
ǫ
√
ǫ
belonging to the operator domain.Therefore E
ǫ
√
ǫ
P ≤ EǫP and in general
for σ1 > σ2 E
σ2
P ≤ Eσ1P .
Moreover, as proved in the previous lemma
inf spec
(
HP,ǫ |F+
ǫ
√
ǫ
− 1
20
∫ ǫ
ǫ
√
ǫ
|k| b† (k) b (k) d3k
)
> EǫP
while ompleting the square
1
20
∫ ǫ
ǫ
√
ǫ
|k| b† (k) b (k) d3k + g
∫ ǫ
ǫ
√
ǫ
(
b (k) + b† (k)
) d3k√
2 |k| 12
+ 40πg2ǫ ≥ 0
It follows that
E
ǫ
√
ǫ
P = inf spec
(
HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
)
= inf spec
(
HP,ǫ |F+
ǫ
√
ǫ
+g
∫ ǫ
ǫ
√
ǫ
(
b (k) + b† (k)
)
d3k√
2|k| 12
)
≥
≥ inf spec
(
HP,ǫ |F+
ǫ
√
ǫ
− 1
20
∫ ǫ
ǫ
√
ǫ |k| b† (k) b (k) d3k − 40πg2ǫ
)
≥ EǫP − 40πg2ǫ
Coupling onstant onstraints.
In the following lemma 1.4 a value g will be xed. It allows to estimate the dif-
ferene between the ground states at dierent and arbitrarily small ut-o σj . The
validity of lemma 1.2 at eah step for xed g is neessary for the onsisteny of the
iteration. The relation in lemma 1.3 assures the validity of lemma 1.2 sine:
Eǫ
j+1
2
P +
3
5
ǫ
j+2
2 ≤ EǫP +
3
5
ǫ
√
ǫ < 1− 2πg2κ ∀j
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Denitions
HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
= HP,ǫ |F+
ǫ
√
ǫ
+ (∆HP)
ǫ
ǫ
√
ǫ
(∆HP)
ǫ
ǫ
√
ǫ ≡ g
∫ ǫ
ǫ
√
ǫ
(
b (k) + b† (k)
)
d3k√
2|k|
Lemma 1.4
For a properly small g , (∆HP)
ǫ
ǫ
√
ǫ is small of order 1 with respet to HP,ǫ |F+
ǫ
√
ǫ
,
in the following sense:
given E suh that
∣∣∣∣E − infHP,ǫ |F+
ǫ
√
ǫ
∣∣∣∣ = |E − EǫP| = 20ǫ√ǫ11
1
HP,ǫ+(∆HP)
ǫ
ǫ
√
ǫ
−E |F+
ǫ
√
ǫ
= 1
HP,ǫ−E |F+
ǫ
√
ǫ
+ 1
HP,ǫ−E
∑+∞
n=1
− (∆HP)ǫǫ√ǫ 1HP,ǫ|F+
ǫ
√
ǫ
−E
n |F+
ǫ
√
ǫ
and∥∥∥∥∥∥ 1HP,ǫ|F+
ǫ
√
ǫ
−E
− (∆HP)ǫǫ√ǫ 1HP,ǫ|F+
ǫ
√
ǫ
−E
n∥∥∥∥∥∥
Fǫ
√
ǫ
+
≤ 20(C(g,m))n
ǫ
√
ǫ
where 0 < C (g,m) < 1
12
.
Theorem 1.5
HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
has a unique ground eigenvetor ψ
ǫ
√
ǫ
P of energy E
ǫ
√
ǫ
P and gap
ǫ
√
ǫ
2
; the
un-normalized vetor ψ
ǫ
√
ǫ
P orresponds to
ψ
ǫ
√
ǫ
P = −
1
2πi
∮ 1
HP,ǫ
√
ǫ − E
dE ψǫP
(2)
where E ∈ C and |E − EǫP| = 1120ǫ
√
ǫ.
Proof.
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Continuity argument.
I distinguish the oupling onstant g in HP,ǫ |F+
ǫ
√
ǫ
from that one in (∆HP)
ǫ
ǫ
√
ǫ, and I
all the last one g♯. Kato's theorem ensures that (2) is veried for suiently small
g♯, sine the gap of HP,ǫ |F+
ǫ
√
ǫ
is bigger or equal to
3
5
ǫ
√
ǫ and
(
∆HP
(
g♯
))ǫ
ǫ
√
ǫ
is a small
Kato perturbation with respet to HP,ǫ |F+
ǫ
√
ǫ
.
Now look at the gure
P,g#
ε ε Re E
Im E
P
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ε
if g♯ inreases, the equation (2) is valid till the eigenvalue E
ǫ
√
ǫ
Pg♯
remains inside
the irle of integration and the remaining spetrum of HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
remains out-
side of the irle of integration; a limit value g♯ exists for whih the expression
− 1
2πi
∮ ∥∥∥∥∥∥ 1HP,ǫ√ǫ|F+
ǫ
√
ǫ
−E
∥∥∥∥∥∥ dE diverges beause the spetrum intersets the irle of inte-
gration.
Aording to the estimates in lemma 1.4 we an onlude that:
- the integral− 1
2πi
∮ ∥∥∥∥∥∥ 1HP,ǫ√ǫ|F+
ǫ
√
ǫ
−E
∥∥∥∥∥∥ dE exists for 0 ≤ g♯ ≤ g = g and then g < g♯
- the ground state of HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
is unique and it is not zero sine
ψ
ǫ
√
ǫ
P = ψ
ǫ
P − 12πi
∑+∞
n=1
∮ 1
HP,ǫ|F+
ǫ
√
ǫ
−E
− (∆HP)ǫǫ√ǫ 1HP,ǫ|F+
ǫ
√
ǫ
−E
n dE ψǫP (3)
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where the norm of the remainder− 1
2πi
∑+∞
n=1
∮ 1
HP,ǫ|F+
ǫ
√
ǫ
−E
− (∆HP)ǫǫ√ǫ 1HP,ǫ|F+
ǫ
√
ǫ
−E
n dEψǫP
is less than
11C(g,m)
1−C(g,m) ‖ψǫP‖. Therefore ψǫ
√
ǫ
P is not zero sine:
∥∥∥ψǫ√ǫP ∥∥∥ ≥ ‖ψǫP‖ − 11C (g,m)1− C (g,m) ‖ψǫP‖ ≥ 1− 12C (g,m)1− C (g,m) ‖ψǫP‖ > 0
- sine for lemma 1.3 E
ǫ
√
ǫ
P ≤ EǫP, the gap is bigger than ǫ
√
ǫ
2
.
Corollary 1.6
Thanks to the results of theorem 1.5 about the existene of the ground state of
HP,ǫ
√
ǫ |F+
ǫ
√
ǫ
and about the gap ( bigger than
ǫ
√
ǫ
2
), it is possible to iterate the proe-
dure at xed g, by applying lemmas 1.2, 1.3 to HP,ǫ
√
ǫ |F+
ǫ2
and HP,ǫ2 |F+
ǫ2
and by using
properly adapted versions of lemma 1.4 and of theorem 1.5 to ompare HP,ǫ
√
ǫ |F+
ǫ2
and HP,ǫ2 |F+
ǫ2
.
Therefore the iteration is onsistent and it does not end sine the vetor obtained at
the step j+1 has norm bigger than a xed fration of the norm of the vetor at the j
step. At eah step the ut-o is redued by a fator ǫ
1
2
, so that at the j step we obtain:
ψǫ
j+2
2
P = ψ
ǫ
j+1
2
P − 12πi
∑+∞
n=1
∮ 1
H
P,ǫ
j+1
2
|
F
+
ǫ
j+2
2
−E
− (∆HP)ǫ j+12
ǫ
j+2
2
1
H
P,ǫ
j+1
2
|
F
+
ǫ
j+2
2
−E

n
dEψǫ
j+1
2
P
Lemma 1.4
For xed and properly small g , (∆HP)
ǫ
j+1
2
ǫ
j+2
2
is small of order 1 with respet to
H
P,ǫ
j+1
2
|F+
ǫ
j+2
2
, in the following sense:
given E suh that
∣∣∣∣∣E − infHP,ǫ j+12 |F+
ǫ
j+2
2
∣∣∣∣∣ =
∣∣∣∣E −Eǫ j+12P ∣∣∣∣ = 11ǫ j+2220
20
1H
P,ǫ
j+1
2
+(∆HP)
ǫ
j+1
2
ǫ
j+2
2
−E
|
F
+
ǫ
j+2
2
= 1
H
P,ǫ
j+1
2
−E
∑+∞
n=0
(
− (∆HP)ǫ
j+1
2
ǫ
j+2
2
1
H
P,ǫ
j+1
2
−E
)n
|F+
ǫ
j+2
2
and
∥∥∥∥∥ 1H
P,ǫ
j+1
2
−E
(
− (∆HP)ǫ
j+1
2
ǫ
j+2
2
1
H
P,ǫ
j+1
2
−E
)n
|F+
ǫ
j+2
2
∥∥∥∥∥
F+
ǫ
j+2
2
≤ 20(C(g,m))n
ǫ
j+2
2
where 0 < C (g,m) < 1
12
is a onstant independent of ǫ
j+1
2
.
Proof
Let us analyze the nth term of the following sum
1
H
P,ǫ
j+1
2
− E
+∞∑
n=1
− (∆HP)ǫ j+12
ǫ
j+2
2
1
H
P,ǫ
j+1
2
− E

(−1)n 1
H
P,ǫ
j+1
2
−E (∆HP)
ǫ
j+1
2
ǫ
j+2
2
1
H
P,ǫ
j+1
2
−E ....................... (∆HP)
ǫ
j+1
2
ǫ
j+2
2
1
H
P,ǫ
j+1
2
−E =
= (−1)n
(
1
H
P,ǫ
j+1
2
−E
) 1
2
....
(
1
H
P,ǫ
j+1
2
−E
) 1
2
(∆HP)
ǫ
j+1
2
ǫ
j+2
2
(
1
H
P,ǫ
j+1
2
−E
) 1
2
....
(
1
H
P,ǫ
j+1
2
−E
) 1
2
where
(
1
H
P,ǫ
j+1
2
−E
) 1
2
is dened starting from the spetral representation of H
P,ǫ
j+1
2
by using the onvention to take the branh of the square root with smaller argument
in (−π, π].
Study of the norm of
(
1
H
P,ǫ
j+1
2
−E
) 1
2
(∆HP)
ǫ
j+1
2
ǫ
j+2
2
(
1
H
P,ǫ
j+1
2
−E
) 1
2
|F+
ǫ
j+2
2
.
∥∥∥∥∥∥
(
1
H
P,ǫ
j+1
2
−E
) 1
2
(∆HP)
ǫ
j+1
2
ǫ
j+2
2
(
1
H
P,ǫ
j+1
2
−E
) 1
2
∥∥∥∥∥∥
F
+
ǫ
j+2
2
=
=
∥∥∥∥∥∥
(
1
H
P,ǫ
j+1
2
−E
) 1
2
(
g
∫ ǫ j+12
ǫ
j+2
2
1√
2|k| 12
(
b (k) + b† (k)
)
d3k
)(
1
H
P,ǫ
j+1
2
−E
) 1
2
∥∥∥∥∥∥
F
+
ǫ
j+2
2
=
21
≤ 2g
∥∥∥∥∥∥
(
1
H
P,ǫ
j+1
2
−E
) 1
2
∥∥∥∥∥∥
F
+
ǫ
j+2
2
·
∥∥∥∥∥∥
(∫ ǫ j+12
ǫ
j+2
2
1√
2|k| 12
b (k) d3k
)(
1
H
P,ǫ
j+1
2
−E
) 1
2
∥∥∥∥∥∥
F
+
ǫ
j+2
2
if the above quantities exist.
The following estimate holds:
∥∥∥∥∥∥∫ ǫ
j+1
2
ǫ
j+2
2
b (k) d
3k√
2|k|
(
1
H
P,ǫ
j+1
2
−E
) 1
2
∥∥∥∥∥∥
F+
ǫ
j+2
2
≤ √40π · ǫ j+14 (4)
Proof
Let us onsider vetors ϕ ∈ Db⋂F+
ǫ
j+2
2
; then∥∥∥∥∥∥∫ ǫ
j+1
2
ǫ
j+2
2
b (k) d
3k√
2|k|
(
1
H
P,ǫ
j+1
2
−E
) 1
2
ϕ
∥∥∥∥∥∥
2
F+
ǫ
j+2
2
=
=
( 1
H
P,ǫ
j+1
2
−E
) 1
2
ϕ ,
∫ ǫ j+12
ǫ
j+2
2
b† (k) d
3k√
2|k|
∫ ǫ j+12
ǫ
j+2
2
b (k) d
3k√
2|k|
(
1
H
P,ǫ
j+1
2
−E
) 1
2
ϕ

In general(
ϕ ,
∫ ǫ j+12
ǫ
j+2
2
∫ ǫ j+12
ǫ
j+2
2
1√
2|k|
1√
2|q|b
† (k) b (q) d3kd3qϕ
)
=
=
∫ ǫ j+12
ǫ
j+2
2
∫ ǫ j+12
ǫ
j+2
2
1√
2|k|
1√
2|q|
(
ϕ , b† (k) b (q)ϕ
)
d3kd3q ≤
≤ ∫ ǫ j+12
ǫ
j+2
2
∫ ǫ j+12
ǫ
j+2
2
1√
2|k|
1√
2|q|
(
ϕ , b† (k) b (k)ϕ
) 1
2
(
ϕ , b† (q) b (q)ϕ
) 1
2
d3kd3q ≤
≤
(
ϕ,Hmes |ǫ
j+1
2
ǫ
j+2
2
ϕ
)
·
(∫ ǫ j+12
ǫ
j+2
2
1
2|k|2d
3k
) 1
2
·
(∫ ǫ j+12
ǫ
j+2
2
1
2|q|2d
3q
) 1
2
≤
≤ 2πǫ j+12
(
ϕ,Hmes |ǫ
j+1
2
ǫ
j+2
2
ϕ
)
(5)
and the inequality holds in the ase of vetors in Db (Hmes) too.
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Therefore we arrive at( 1
H
P,ǫ
j+1
2
−E
) 1
2
ϕ , Hmes |ǫ
j+1
2
ǫ
j+2
2
(
1
H
P,ǫ
j+1
2
−E
) 1
2
ϕ
 ≤
≤ ‖ϕ‖ ·
∥∥∥∥∥∥∥Hmes |ǫ
j+1
2
ǫ
j+2
2
( 1
H
P,ǫ
j+1
2
−E
) 1
2
† ( 1
H
P,ǫ
j+1
2
−E
) 1
2
ϕ
∥∥∥∥∥∥∥
F
+
ǫ
j+2
2
(
[
H
P,ǫ
j+1
2
,
∫ ǫ j+12
ǫ
j+2
2
|k| b† (k) b (k) d3k
]
= 0)
The operator norm of Hmes |ǫ
j+1
2
ǫ
j+2
2
·

 1
Hw
P,ǫ
j+1
2
−E
 12

†
·
 1
Hw
P,ǫ
j+1
2
−E
 12
has to be stud-
ied separately on ψǫ
j+1
2
P and on F
+
ǫ
j+2
2
⊖ ψǫ
j+1
2
P . The operator vanishes on ψ
ǫ
j+1
2
P (put
Hmes |ǫ
j+1
2
ǫ
j+2
2
on the right ). The disussion is restrited to the subspae F+
ǫ
j+2
2
⊖ ψǫ
j+1
2
P
Moreover, as already seen in lemma 1.2. adapted to the hamiltonianH
P,ǫ
j+1
2
|F+
ǫ
j+2
2
,
we have
• inf spec
(
H
P,ǫ
j+1
2
|F+
ǫ
j+2
2
− 1
20
∫ ǫ j+12
ǫ
j+2
2
|k| b† (k) b (k) d3k |F+
ǫ
j+2
2
)
≥ Eǫ
j+1
2
P +
3
5
ǫ
j+2
2
• inf spec
(
H
P,ǫ
j+1
2
|F+
ǫ
j+2
2
− 1
20
∫ ǫ j+12
ǫ
j+2
2
|k| b† (k) b (k) d3k |F+
ǫ
j+2
2
−ReE
)
≥
≥ 3
5
ǫ
j+2
2 − 11
20
ǫ
j+2
2 > 0
Going to the joined spetral representation of H
P,ǫ
j+1
2
and Hmes |ǫ
j+1
2
ǫ
j+2
2
, we obtain
∥∥∥∥∥∥∥∥H
mes |ǫ
j+1
2
ǫ
j+2
2

 1
H
P,ǫ
j+1
2
− E
 12

† 1
H
P,ǫ
j+1
2
− E
 12
∥∥∥∥∥∥∥∥
F
+
ǫ
j+2
2
≤ 20
23
(6)
Putting together the inequalities (5) and (6) we arrive at the inequality (4).
Conlusion
If g is less than a limit value g, the thesis is proved sine
∥∥∥∥∥∥
(
1
H
P,ǫ
j+1
2
−E
) 1
2
∥∥∥∥∥∥
F
+
ǫ
j+2
2
is
of order
1
ǫ
j+2
4
.
2 Convergene of the ground states of transformed HP,σj .
I onjeture that the hamiltonians HP have a ground state for the representations
of
{
b (k) , b† (k)
}
whih are oherent in the infrared region (k = 0). Then an argu-
ment is developed whih expliitly identies the eventual oherent fator in the ase
P = 0 and impliitly in the ase P 6= 0. Suh a heuristi information will be used
in a rigorous proof whih is based on the iterative proedure of onstrution of the
ground state. The two ases P = 0 and P 6= 0 are treated separately.
Derivation of the oherent fator.
Let us assume that ψP is an eigenvetor of HP and that it is oherent in the infrared
region, whih means b (k)ψP ≈ fP (k)ψP for k→ 0, where the meaning of the limit
is given only a posteriori. Then the oherent funtion fP (k) has to satises the
following relation, in the neighborhood of k = 0:
(ψP, [HP, b (k)]ψP) = 0 for k→ 0
(ψP, [HP, b (k)]ψP) =
=
(
ψP,
[
(Pmes)2
2m
− P·Pmes
m
+ g
∫ κ
0
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes, b (k)
]
ψP
)
=
=
(
ψP,
[
(Pmes)2
2m
− P·Pmes
m
, b (k)
]
ψP
)
+
(
ψP,
[
g
∫ κ
0
(
b (k) + b† (k)
)
d3k√
2|k| , b (k)
]
ψP
)
+
+ (ψP, [H
mes, b (k)]ψP) =
24
= −k·(ψP,Pmesb(k)ψP)
2m
− (ψP,b(k)PmesψP)·k
2m
+P·k
m
(ψP, b (k)ψP)−g·χ
κ
0 (k)√
2|k| ‖ψP‖
2−|k| (ψP, b (k)ψP)
( χκ0 (k) harateristi funtion of {k : |k| ≤ κ})
then
−k·(ψP,Pmesb(k)ψP)
2m
− (ψP,b(k)PmesψP)·k
2m
+P·k
m
(ψP, b (k)ψP)−g·χ
κ
0 (k)√
2|k| ‖ψP‖
2−|k| (ψP, b (k)ψP) =
= 0
−k·(ψP,Pmesb(k)ψP)
m
− (ψP,b(k)ψP)|k|2
2m
+P·k
m
(ψP, b (k)ψP)−g·χ
κ
0 (k)√
2|k| ‖ψP‖
2−|k| (ψP, b (k)ψP) =
= 0
−k·(ψP,PmesψP)
m
fP (k)− |k|
2
2m
‖ψP‖2 fP (k)+P·km ‖ψP‖2 fP (k)−
g·χκ0 (k)√
2|k| ‖ψP‖
2−|k| ‖ψP‖2 fP (k) =
= 0
Therefore the expeted behavior is
fP (k) ≈k→0 −g·χ
κ
0 (k)√
2|k| ·
1(
|k|+ |k|2
2m
−P·k
m
+
k·(ψP,PmesψP)
m·‖ψP‖2
) = −g·χκ0 (k)√
2|k| ·
1(
|k|+ |k|2
2m
−
k·(P−Pmes)
m
)
and the oherent fator is labelled by P1 = P−Pmes.
The argument proves that if the ground state is oherent in the infrared region,
a non Fok state is neessarily. Starting from this result I operate a proper oherent
transformation on the variables
{
b (k) , b† (k)
}
of the hamiltonian HP and I look for
a ground state of the transformed hamiltonian in the Fok spae with respet to{
b (k) , b† (k)
}
.
Coherent transformation.
b (k) −→ b (k)− g√
2|k| 32 (1−k̂·P1m )
for k : 0 ≤ |k| ≤ κ
using the inter-twiner
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W (P) = W
(
P1
m
)
= e
−g
∫ κ
0
b(k)−b†(k)
|k|(1−k̂·P1m )
d3k√
2|k|
(7)
Transformed hamiltonian.
I rewrite HP, P = P1 +P2 , as
HP =
(P1+P2−Pmes)2
2m
+ g
∫ κ
0
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes =
= (P1+P2)
2
2m
− (P1+P2)·Pmes
m
+ P
mes2
2m
+ g
∫ κ
0
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes =
= (P1+P2)
2
2m
+ P
mes2
2m
− P2·Pmes
m
+
∫∞
κ
(
|k| − k · P1
m
)
b† (k) b (k) d3k+
+
∫ κ
0
(
|k| − k · P1
m
) (
b† (k) + g√
2|k| 32 (1−k̂·P1m )
)(
b (k) + g√
2|k| 32 (1−k̂·P1m )
)
d3k+
−g2 ∫ κ0 12|k|2(1−k̂·P1m )d3k
and I at on it with the oherent transformation:
W
(
P1
m
)
HPW
†
(
P1
m
)
= (8)
= (P1+P2)
2
2m
+ 1
2m
(
Pmes − g ∫ κ0 k√
2|k| 32 (1−k̂·P1m )
(
b (k) + b† (k)
)
d3k + g2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2d
3k
)2
+
−P2
m
(
Pmes − g ∫ κ0 k√
2|k| 32 (1−k̂·P1m )
(
b (k) + b† (k)
)
d3k + g2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
+
∫∞
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k − g2 ∫ κ0 12|k|2(1−k̂·P1m )d3k
Remark
Given φP = W
(
P1
m
)
ψP we have formally that
P2 = P−P1 = Pmes = (ψP,PmesψP)‖ψP‖2 =
(φP,WPmesW †φP)
‖φP‖2 =
26
= 1‖φP‖2 (φP,P
mesφP)− 1‖φP‖2
(
φP, g
∫ κ
0
k√
2|k| 32 (1−k̂·P1m )
(
b (k) + b† (k)
)
d3kφP
)
+g2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2d
3k
Therefore P1 has to satisfy the equation
P−P1 =
= (φP,P
mesφP)
‖φP‖2 −
1
‖φP‖2
(
φP, g
∫ κ
0
k√
2|k| 32
(
1−k̂·P1
m
) (b (k) + b† (k)) d3kφP)+g2 ∫ κ10 k2|k|3(1−k̂·P1
m
)2 d3k (9)
where φP is a ground state of the transformed hamiltonian W
(
P1
m
)
HPW
†
(
P1
m
)
.
I dene ΠP = P
mes − g ∫ κ0 k√
2|k| 32 (1−k̂·P1m )
(
b (k) + b† (k)
)
d3k and by a substitution
in the expressions (9) and (8) one arrives at
• P2 = 1‖φP‖2 (φP,ΠPφP) + g
2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2
• W
(
P1
m
)
HPW
†
(
P1
m
)
=
= 1
2m
Π2P +
1
2m
(
g2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2d
3k
)2
+ 1
m
ΠP ·
(
g2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
− 1
m
(
g2
∫ κ
0
k
2|k|3(1−k̂·P1m )
2d
3k
)
·ΠP− 1m (φP,ΠPφP)‖φP‖2 ·ΠP+
∫∞
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k+
+costants
The transformed hamiltonian orresponds to:
HwP =
1
2m
(
ΠP − (φP,ΠPφP)‖φP‖2
)2
+
∫∞
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k + costants (10)
Now I distinguish the ase P = 0 from P 6= 0 in order to rigorously apply the itera-
tive proedure to the transformed hamiltonians with an infrared ut-o σj , written
in a anoni form analogous to the expression (10). In the rst ase, the oherent
representation is expliit, sine Pmes = 0 by symmetry and then P1 = 0, while in
the seond ase the proedure is more lengthy.
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2.1 Case P = 0.
I perform the oherent transformation (7) on the hamiltonian HP=0,σj with infrared
ut-o σj :
Hw
ǫ
j+1
2
≡ e−g
∫ κ
ǫ
j+1
2
b(k)−b†(k)
|k|
d3k√
2|k|H
P=0,ǫ
j+1
2
e
g
∫ κ
ǫ
j+1
2
b(k)−b†(k)
|k|
d3k√
2|k| =
= 1
2m
(
Pmes − g ∫ κ
ǫ
j+1
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k
)2
+
∫ |k| b† (k) b (k) d3k + c (j + 1)
where c (j + 1) ≡ −g2 ∫ κ
ǫ
j+1
2
1
2|k|2d
3k.
The domain of selfadjointness (s.a.) of the transformed hamiltonian Hw
ǫ
j+1
2
oin-
ides with Db
(
H
P=0,ǫ
j+1
2
)
(see an analogous proof in [1℄).
Preliminaries
From the results of the previous hapter and by unitarity I an onlude that the
following properties hold ∀j (these properties are assumed in lemma A1, Appendix
A):
i) Hw
ǫ
j+1
2
|F+
ǫ
j+1
2
has ground eigenvalue Eǫ
j+1
2
P=0 with the orresponding gap bigger than
ǫ
j+1
2
2
;
ii) Hw
ǫ
j+1
2
|F+
ǫ
j+2
2
has ground eigenvalue Eǫ
j+1
2
P=0 with the orresponding gap bigger than
3ǫ
j+2
2
5
.
Now, for the values of g allowed by lemma A1 and on the basis of the results of the
lemma, starting from φǫ = e
−g
∫ κ
ǫ
b(k)−b†(k)
|k|
d3k√
2|k|ψǫP=0 and using an iteration analogous
to the one of hapter 1, I onstrut the vetor φǫ
j+2
2
applying the spetral projetor
to φǫ
j+1
2
. We an point out that in the dierene
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φǫ
j+2
2 −φǫ
j+1
2 = − 1
2πi
∮ ∑
n
1
Hw
ǫ
j+1
2
−E(j+1)
− (∆Hw)ǫ j+12
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1)
n φǫ j+12 dE (j + 1)
(11)
the terms that we annot evaluate (in norm) with a power of the ut-o ǫ
j+1
2
with pos-
itive exponent are vetors for whih for all the n fators in the dierene (∆Hw)ǫ
j+1
2
ǫ
j+2
2
=
= Hw
ǫ
j+2
2
+ c (j + 1)− c (j + 2)−Hw
ǫ
j+1
2
only the mixed terms are present:
g
2m
∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k ·Π
ǫ
j+1
2
+Π
ǫ
j+1
2
· g
2m
∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k.
If there are these terms, the estimate of the following norm, given in lemma A1,∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (− (∆Hw)ǫ j+12
ǫ
j+2
2
) 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
is only of order 1.
We an have a more preise estimate of the norm of φǫ
j+2
2 − φǫ
j+1
2
examining the
rst fator on the right of the produt (11)
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (− (∆Hw)ǫ j+12
ǫ
j+2
2
) 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
and noting that, if for the mixed terms
g
2m
∑
i
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
(
b (k) + b† (k)
)
d3k · Πi
ǫ
j+1
2
) 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
the following inequality were true
g
2m
∥∥∥∥∥∥∥
∑
i
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
(
b (k) + b† (k)
)
d3k · Πi
ǫ
j+1
2
) 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
∥∥∥∥∥∥∥ ≤
≤ 1
4
· ǫ
j+1
8
2
,
then we would have an estimate of order ǫ
j+1
8
for
∥∥∥∥φǫ j+22 − φǫ j+12 ∥∥∥∥. This is due to
the fat that, using the lemma A1, the norm of the sum of the quadrati terms (for a
proper g) an be bounded by
ǫ
j+1
8
40
while the norm of the other fators of the produt
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is of order 1, in partiular less than
1
12
. Therefore we would have∥∥∥∥∥∥∑∞n=1 1Hw
ǫ
j+1
2
−E(j+1)
− (∆Hw)ǫ j+12
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1)
n φǫ j+12
∥∥∥∥∥∥ ≤
≤
∣∣∣∣∣
(
1
Eǫ
j+1
2 −E
)∣∣∣∣∣
1
2
·
∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
∥∥∥∥∥∥
1
2
F+
ǫ
j+2
2
(
ǫ
j+1
2
) 1
4 ∑∞
n=1
(
11
40
) (
1
12
)n−1 ≤
≤
∣∣∣∣∣
(
1
Eǫ
j+1
2 −E(j+1)
)∣∣∣∣∣ · (ǫ j+12 ) 14
As it will be shown in orollary 2.4 (in the general ase P ∈ Σ), an estimate like∥∥∥∥φǫ j+22 − φǫ j+12 ∥∥∥∥ ≤ ǫ j+18 implies the onvergene of the sequene {φǫ j+12 }. Therefore
it is ruial to prove the following inequality:
g
2m
∥∥∥∥∥∥∥
∑
i
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
(
b (k) + b† (k)
)
d3k · Πi
ǫ
j+1
2
) 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
∥∥∥∥∥∥∥ =
= g
2m
∥∥∥∥∥∥∥
∑
i
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
b† (k) d3k · Πi
ǫ
j+1
2
) 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
∥∥∥∥∥∥∥ ≤
≤ 1
4
· ǫ
j+1
8
2
.
Lemma 2.1
The following inequalities hold:
I)
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
b† (k) d3k · Πi
ǫ
j+1
2
φǫ
j+1
2
∥∥∥∥∥∥∥
2
=
=
∫ ǫ j+12
ǫ
j+2
2
ki√
2|k|b
† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j+1
2
−E(j+1)
∣∣∣∣∣∣∫ ǫ
j+1
2
ǫ
j+2
2
ki√
2|k|b
† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
 ≤
30
≤ √112
∣∣∣∣∣∣
∫ ǫ j+12
ǫ
j+2
2
ki√
2|k|b
† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2 , 1
Hw
ǫ
j+1
2
−E(j+1)
∫ ǫ j+12
ǫ
j+2
2
ki√
2|k|b
† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣
II)
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j+1
2
+|k|−E(j+1)
∣∣∣∣∣∣Πiǫ j+12 φǫ
j+1
2
 ≤
≤
√
1 +
(
11
√
ǫ
10−11√ǫ
)2 ·
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 , 1
Hw
ǫ
j+1
2
−E(j+1)Π
i
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣
Proof
I dene the wave funtions ζI (z) , ζII (z) of
∫ ǫ j+12
ǫ
j+2
2
ki√
2|k|b
† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
and Πi
ǫ
j+1
2
φǫ
j+1
2
,
in the spetral variable of Hw
ǫ
j+1
2
− ReE (j + 1). Note that:
- the operatorHw
ǫ
j+1
2
−ReE (j + 1), applied to the vetor ∫ ǫ j+12
ǫ
j+2
2
ki√
2|k|b
† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
,
takes values bigger or equal to
1
20
ǫ
j+2
2
(
= 3
5
ǫ
j+2
2 − 11
20
ǫ
j+2
2
)
beause of lemma 1.2;
- the operator Hw
ǫ
j+1
2
− ReE (j + 1) takes values bigger or equal to 10−11
√
ǫ
20
· ǫ j+12(
= 1
2
ǫ
j+1
2 − 11
20
ǫ
j+2
2
)
if applied to the vetor Πi
ǫ
j+1
2
φǫ
j+1
2
beause of theorem 1.5
I write the salar produts I) and II) using the spetral representation of the op-
erator Hw
ǫ
j+1
2
− ReE (j + 1) and getting rid of the remaining degrees of freedom. In
the hosen spetral representation, the following inequalities are evident:
∣∣∣∣∣∫ |ζI,II(z)|
2
z−iIm(E(j+1))dz
∣∣∣∣∣ =

∣∣∣∣∣∫ z|ζI,II (z)|
2
z2+[Im(E(j+1))]2
dz
∣∣∣∣∣
2
+ [Im (E (j + 1))]2
∣∣∣∣∣∫ |ζI,II(z)|
2
z2+[Im(E(j+1))]2
dz
∣∣∣∣∣
2

1
2
≥
≥
∣∣∣∣∫ |ζI,II (z)|2√z2+[Im(E(j+1))]2 · z√z2+[Im(E(j+1))]2 dz
∣∣∣∣ ≥ ∣∣∣∣∫ |ζI,II (z)|2√z2+[Im(E(j+1))]2 · z√z2+|E(j+1)|2 dz
∣∣∣∣ ≥
≥ zmin√
z2
min
+|E(j+1)|2
·
∣∣∣∣∣∫ |ζI,II (z)|
2
√
z2+[Im(E(j+1))]2
dz
∣∣∣∣∣ ≥
≥ zmin√
z2
min
+|E(j+1)|2
·
∣∣∣∣∣∫ |ζI,II(z)|
2
√
z2+|k|2+2|k|z+[Im(E(j+1))]2
dz
∣∣∣∣∣
31
It follows that:
• in the ase I), being zmin ≥ 120ǫ
j+2
2
,
zmin√
z2
min
+|E(j+1)|2 ≥
1√
112∣∣∣∣∫ |ζI(z)|2√
z2+[Im(E(j+1))]2
dz
∣∣∣∣ ≤ √112 · ∣∣∣∫ |ζI(z)|2z−iIm(E(j+1))dz∣∣∣
• in the ase II), being zmin ≥ 10−11
√
ǫ
20
· ǫ j+12 , zmin√
z2min+|E(j+1)|2
≥ 1√
1+
(
11
√
ǫ
10−11√ǫ
)2
∣∣∣∣∫ |ζII(z)|2√
z2+|k|2+2|k|z+[Im(E(j+1))]2
dz
∣∣∣∣ ≤
√
1 +
(
11
√
ǫ
10−11√ǫ
)2 · ∣∣∣∫ |ζII (z)|2
z−iIm(E(j+1))dz
∣∣∣ =
= Q (ǫ) ·
∣∣∣∫ |ζII(z)|2
z−iIm(E(j+1))dz
∣∣∣ where Q (ǫ) ≡ √1 + ( 11√ǫ
10−11√ǫ
)2
.
Lemma 2.2
Taking into aount lemma 2.1, we have that:∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
b† (k) d3k ·Πi
ǫ
j+1
2
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
∥∥∥∥∥∥∥
2
≤
≤ 2·Q (ǫ)·√112·
∣∣∣∣∣ 1
Eǫ
j+1
2 −E(j+1)
∣∣∣∣∣·∫ ǫ j+12ǫ j+22 ki22|k|3
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣ d3k
Proof∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
b† (k) d3k ·Πi
ǫ
j+1
2
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 φǫ j+12
∥∥∥∥∥∥∥
2
=
=
∣∣∣∣∣ 1
Eǫ
j+1
2 −E(j+1)
∣∣∣∣∣ ·

 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2 ,
,
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 · ∫ ǫ j+12
ǫ
j+2
2
ki√
2|k| 32
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
 =
=
∣∣∣∣ 1
Eǫ
j+1
2 −E(j+1)
∣∣∣∣·
(∫ ǫ j+12
ǫ
j+2
2
ki
√
2|k|
3
2
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
,
∣∣∣∣∣ 1Hw
ǫ
j+1
2
−E(j+1)
∣∣∣∣∣ ∫ ǫ j+12ǫ j+22 ki√2|k| 32 b† (k) d3kΠiǫ j+12 φǫ j+12
)
≤
32
≤ √112
∣∣∣∣ 1
Eǫ
j+1
2 −E(j+1)
∣∣∣∣·
∣∣∣∣∣
(∫ ǫ j+12
ǫ
j+2
2
ki
√
2|k|
3
2
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
,
(
1
Hw
ǫ
j+1
2
−E(j+1)
)∫ ǫ j+12
ǫ
j+2
2
ki
√
2|k|
3
2
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
)∣∣∣∣∣
Starting from the expression Hw
ǫ
j+1
2
= 1
2m
Π2
ǫ
j+1
2
+
∫ |k| b† (k) b (k) d3k + c (j + 1), for
k : |k| ≤ ǫ j+12 , the following identity holds in distributional sense
 1
Hw
ǫ
j+1
2
−E(j+1)
 b† (k) = b† (k)
 1
1
2m
(
Π
ǫ
j+1
2
+k
)2
+
∫
|k|b†(k)b(k)+|k|+c(j+1)−E(j+1)
 =
= b† (k)
 1
1
2m
(
Π2
ǫ
j+1
2
+2k·Π
ǫ
j+1
2
+k2
)
+
∫
|k|b†(k)b(k)+|k|+c(j+1)−E(j+1)

And also, for the assumptions made on m, ǫ and
∣∣∣∣Eǫ j+12 −E (j + 1)∣∣∣∣, and sine
ǫ
j+2
2 ≤ |k| ≤ ǫ j+12 , the following bound holds in the subspae F+
ǫ
j+2
2∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
 12 ( 1
m
k · Π
ǫ
j+1
2
+ k
2
2m
) 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+2
2
≤ 1
2
whih well denes the series expansion
b† (k)
 1
1
2m
(
Π2
ǫ
j+1
2
+2k·Π
ǫ
j+1
2
+k2
)
+
∫
|k|b†(k)b(k)+|k|−E(j+1)
 =
= b† (k)
 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
∑+∞
n=0
− ( 1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
n
from whih(∫ ǫ j+12
ǫ
j+2
2
ki
√
2|k|
3
2
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
,
(
1
Hw
ǫ
j+1
2
−E(j+1)
)∫ ǫ j+12
ǫ
j+2
2
ki
√
2|k|
3
2
b† (k) d3kΠi
ǫ
j+1
2
φǫ
j+1
2
)
= (12)
=
∫ ǫ j+12
ǫ
j+2
2
ki
2
2|k|3
(
Πi
ǫ
j+1
2
φǫ
j+1
2
,
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
)∑∞
n=0
(
−
(
1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
))n
Πi
ǫ
j+1
2
φǫ
j+1
2
)
d3k =
33
=
∑∞
n=0
∫ ǫ j+12
ǫ
j+2
2
ki
2
2|k|3
(
Πi
ǫ
j+1
2
φǫ
j+1
2
,
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
)(
−
(
1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
))n
Πi
ǫ
j+1
2
φǫ
j+1
2
)
d3k
I prove that the module of the nth term of the series an be redued to the one
of the rst term, so that the whole sum is of the same order of the term at n = 0.
Exploiting the Shwartz inequality and the identity(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
)(
(−)
(
1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
))n
=
=
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
·
·
( 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
(−)
(
1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
n( 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
we have that∣∣∣∣∣∫ ǫ j+12ǫ j+22 ki22|k|3
(
Πi
ǫ
j+1
2
φǫ
j+1
2
,
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
)(
(−)
(
1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
))n
Π
ǫ
j+1
2
φǫ
j+1
2
)
d3k
∣∣∣∣∣ ≤
≤
∫ ǫ j+12
ǫ
j+2
2
ki
2
2|k|3
∥∥∥∥∥∥
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
Πi
ǫ
j+1
2
φǫ
j+1
2
∥∥∥∥∥∥
2 ∥∥∥∥∥∥
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2 (
1
m
k · Π
ǫ
j+1
2
+ k
2
2m
)(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
∥∥∥∥∥∥
n
F
+
ǫ
j+1
2
d3k
(remember that
∥∥∥∥∥∥
( 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
†Πi
ǫ
j+1
2
φǫ
j+1
2
∥∥∥∥∥∥ =
∥∥∥∥∥∥
(
1
Hw
ǫ
j+1
2
+|k|−E(j+1)
) 1
2
Πi
ǫ
j+1
2
φǫ
j+1
2
∥∥∥∥∥∥)
Therefore, thanks to the series expansion and to the lemma 2.1, the module of the
salar produt (12) is bounded by
∑∞
n=0

∫ ǫ j+12
ǫ
j+2
2
ki
2
2|k|3
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
 12Πi
ǫ
j+1
2
φǫ
j+1
2
∥∥∥∥∥∥∥
2
d3k

(
1
2
)n ≤
≤ 2 ∫ ǫ j+12
ǫ
j+2
2
ki
2
2|k|3 ·
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
+|k|−E(j+1)
 12Πi
ǫ
j+1
2
φǫ
j+1
2
∥∥∥∥∥∥∥
2
d3k ≤
≤ 2 ·Q (ǫ) · ∫ ǫ j+12
ǫ
j+2
2
ki
2
2|k|3 ·
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣ d3k
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Theorem 2.3∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 g
2m
∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
b† (k) d3k · Π
ǫ
j+1
2
φǫ
j+1
2
(
1
Eǫ
j+1
2 −E(j+1)
) 1
2
∥∥∥∥∥∥∥ ≤ ǫ
j+1
8
8
(13)
Proof
Due to the results of the lemma 2.2 the inequality (13) is true if the following esti-
mate holds:
2
√
112·Q (ǫ)
∣∣∣∣∣
(
1
Eǫ
j+1
2 −E(j+1)
)∣∣∣∣∣ g24m2 ∫ ǫ j+12ǫ j+22 ki22|k|3 d3k
∣∣∣∣∣
(
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
(
1
Hw
ǫ
j+1
2
−E(j+1)
)
Πi
ǫ
j+1
2
φǫ
j+1
2
)∣∣∣∣∣ ≤
≤
(
ǫ
j+1
8
24
)2
For this purpose I prove by indution that
g2
4m2
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣ < 11√112·Q(ǫ)40π · 1(44·24)2·ǫ 14 (j+1) (14)
I note that the inequality (14) implies the thesis of the theorem and therefore, as
disussed in pag.29, also the bound
∥∥∥∥φǫ j+22 − φǫ j+12 ∥∥∥∥ ≤ ǫ j+18 .
In order to prove the inequality (14) I start analyzingΠi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2
 = (15)
=
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−Hw
ǫ
j
2
+Hw
ǫ
j
2
−E(j)+E(j)−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2

In lemma A1 I dened (∆HwP)
ǫ
j
2
ǫ
j+1
2
≡ Ĥw
P,ǫ
j+1
2
+ cP (j) − ĉP (j + 1) − Hw
P,ǫ
j
2
, that
for P = 0 beomes (∆Hw)ǫ
j
2
ǫ
j+1
2
≡ Hw
ǫ
j+1
2
+ c (j)− c (j + 1)−Hw
ǫ
j
2
.
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Now I dene ∆˜ (Hw)ǫ
j
2
ǫ
j+1
2
≡ ∆Hw,ǫ
j
2
ǫ
j+1
2
− c (j) + c (j + 1) + E (j) − E (j + 1) and I
observe that hoosing a proper value g1 for g, the following inequalities hold for all
j:
•
∥∥∥∥∥∥∥
 1
Hw
ǫ
j
2
−E(j)
 12 (−)∆ (Hw)ǫ j2
ǫ
j+1
2
 1
Hw
ǫ
j
2
−E(j)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
< 1
6
•
∥∥∥∥∥∥∥
 1
Hw
ǫ
j
2
−E(j)
 12 (−) (−c (j) + c (j + 1))
 1
Hw
ǫ
j
2
−E(j)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
< 1
6
•
∥∥∥∥∥∥∥
 1
Hw
ǫ
j
2
−E(j)
 12 (−) (E (j)− E (j + 1))
 1
Hw
ǫ
j
2
−E(j)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
< 1
6
Observations
The rst inequality is the ontent of lemma A1. The seond is true as c (j + 1)+
−c (j) = −2πg2ǫ j2 (1−√ǫ). Conerning the third inequality we arrive at the given
estimate by re-onduting |E (j)− E (j + 1)| to
∣∣∣∣Eǫ j+12 − Eǫ j2 ∣∣∣∣ and using the gener-
alized lemma 1.3, for g suiently small and uniform in j .
In onlusion:∥∥∥∥∥∥∥
 1
Hw
ǫ
j
2
−E(j)
 12 (−) ∆˜ (Hw)ǫ j2
ǫ
j+1
2
 1
Hw
ǫ
j
2
−E(j)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
< 1
2
It is therefore possible to expand in series the expression (15):Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j
2
−E(j)
∑
n=0
(
(−) ∆˜ (Hw)ǫ
j
2
ǫ
j+1
2
(
1
H
ǫ
j
2
−E(j)
))n
Πi
ǫ
j+1
2
φǫ
j+1
2

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=
∑
n=0


 1
Hw
ǫ
j
2
−E(j)
 12

†
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
,

 1
Hw
ǫ
j
2
−E(j)
 12 (−) ∆˜ (Hw)ǫ j2
ǫ
j+1
2
 1
Hw
ǫ
j
2
−E(j)
 12

n 1
Hw
ǫ
j
2
−E(j)
 12 Πi
ǫ
j+1
2
φǫ
j+1
2

so that we obtain the bound∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣ ≤ 2
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣ Πiǫ j+12 φǫ
j+1
2
∣∣∣∣∣∣
(16)
Proof by indution of the inequality (14)
For j = 1, 2, 3, ..., 7 and g suiently small (that I an always assume as bigger
or equal to g1, redening g1), the bound (14) is valid. If one assumes that it holds
for j = 1, ...., j − 1, j e g = g ≡ min (g1, g2, 1) where
g2 =
2m2
W
· 1√
112·Q(ǫ)
11
40πS
· 1
(24·44)2·ǫ 14
and
• W = 2
{[
2m
√
2m ·
(
ǫ−
1
4
√
20
)
+ 2m
((
ǫ−
1
4
√
20
)
+ 2
√
40π
)]
·√ 11√
112·40π · 1(24·44)2
}
+
+
{
2m
(
ǫ−
1
4
√
20
)2
+
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)2
+ 2 · √2m ·
(
ǫ−
1
4
√
20
) ((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)}
• S = ∑∞n=0 (2Q (ǫ) · ǫ 14)n + 20ǫ 1411W · (2Q (ǫ) ǫ 112)6
then the bound (14) holds for j + 1, where j ≥ 7.
The starting point of the proedure is the inequality (16). Adding and subtrat-
ing Πi
ǫ
j
2
φǫ
j
2
on the left and on the right of the salar produt, I bound the new terms
that I get, using elementary properties of the salar produt:
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2∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣ Πiǫ j+12 φǫ
j+1
2
∣∣∣∣∣∣ ≤
≤ 2
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
(
Πi
ǫ
j+1
2
φǫ
j+1
2 −Πi
ǫ
j
2
φǫ
j
2
)∣∣∣∣∣∣+ (17)
+4
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣+ (18)
+2
∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣ (19)
Observation
The above expression displays the indutive proedure to arrive at the thesis of the
theorem, as the quantity (19) has the same form of the (15), up to a fator 2 ·Q (ǫ),
where the ut-o is ǫ
j
2
instead of ǫ
j+1
2
.
In the bound of the expressions (17) and (18) I will use:
1) Πi
ǫ
j+1
2
φǫ
j+1
2 = Πi
ǫ
j
2
φǫ
j+1
2 − g ∫ ǫ j2
ǫ
j+1
2
q√
2|q| 32
(
b (q) + b† (q)
)
d3qφǫ
j+1
2
2)
∥∥∥∥∥∥∥
∫ ǫ j2
ǫ
j+1
2
qib (k) d
3q
|q|
√
2|q|
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
≤ √40π · ǫ j4
(analogous to the (a1) of the lemma A1 ( Appendix A));
3)∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
≤
(
ǫ−
1
4
√
20
)
· ǫ− j4
3bis)
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∥∥∥∥∥∥∥
∫ ǫ j2
ǫ
j+1
2
kib† (k) d
3q
|k|
√
2|k|
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
≤ √πǫ j2
∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
+
+
∥∥∥∥∥∥∥
∫ ǫ j2
ǫ
j+1
2
qib (q) d
3q
|q|
√
2|q|
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
≤
≤ √πǫ j2
(
ǫ−
1
4
√
20
)
· ǫ− j4 +√40π · ǫ j4 ≤
((
ǫ−
1
4
√
20π
)
+
√
40π
)
· ǫ j4
from whih∥∥∥∥∥∥∥∥

∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2

† ∫ ǫ j2
ǫ
j+1
2
ki
(
b (k) + b† (k)
)
d3q
|k|
√
2|k|
∥∥∥∥∥∥∥∥
F+
ǫ
j+1
2
≤
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)
· ǫ j4
4) for the indutive hypothesis we have that:
i)
g2
4m2
∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
d3kΠi
ǫ
j
2
φǫ
j
2
∥∥∥∥∥∥∥
2
≤ g2
4m2
Q (ǫ)
∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j
2,
 1
Hw
ǫ
j
2
−E(j)
Πi
ǫ
j
2
φǫ
j
2
∣∣∣∣∣∣ ≤
≤ 11√
112·40π · 1(24·44)2·ǫ j4
ii)
∥∥∥∥φǫ j+12 − φǫ j2 ∥∥∥∥ < ǫ j8 = σ 14j−1 from whih ∥∥∥∥Πi
ǫ
j
2
φǫ
j+1
2 −Πi
ǫ
j
2
φǫ
j
2
∥∥∥∥ < √2m·(Eǫ j2 − c (j)) 12 ǫ j8 <
<
√
2m · ǫ j8
(for the initial assumptions
(
Eǫ
j
2 − c (j)
)
< 1)
Bound of (17)
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
(
Πi
ǫ
j+1
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2
)∣∣∣∣∣∣ ≤
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=∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j+1
2 −Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
(
Πi
ǫ
j
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2
)∣∣∣∣∣∣+
+
∣∣∣∣∣∣
g ∫ ǫ j2
ǫ
j+1
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3kφǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣g ∫ ǫ
j
2
ǫ
j+1
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3kφǫ
j+1
2
∣∣∣∣∣∣+
+2
∣∣∣∣∣∣
g ∫ ǫ j2
ǫ
j+1
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3kφǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
(
Πi
ǫ
j
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2
)∣∣∣∣∣∣
The (17) is therefore bounded by
2
{
2m ·
(
ǫ−
1
4
√
20
)2
+
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)2
+ 2 ·
(
ǫ−
1
4
√
20
)
·
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)}
· ǫ− j4
Bound of (18).
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣ ≤
≤
∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣+ (18.1)
+
∣∣∣∣∣∣
g ∫ ǫ j2
ǫ
j+1
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3kφǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣ (18.2)
I examine the two terms on the right side:
18.1)∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣ =
=
∣∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j+1
2 −Πi
ǫ
j
2
φǫ
j
2,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
Πi
ǫ
j
2
φǫ
j
2

∣∣∣∣∣∣∣ ≤
40
≤
∥∥∥∥Πi
ǫ
j
2
φǫ
j+1
2 − Πi
ǫ
j
2
φǫ
j
2
∥∥∥∥ ·
∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
·
∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
d3k Πi
ǫ
j
2
φǫ
j
2
∥∥∥∥∥∥∥
≤ ǫ j8 · √2m ·
(
ǫ−
1
4
√
20
)
· ǫ− j4 · 2m
g
·
√
11√
112·40π · 1(24·44)2·ǫ j4
18.2)∣∣∣∣∣∣
g ∫ ǫ j2
ǫ
j+1
2
ki√
2|k| 32
(
b (k) + b† (k)
)
d3kφǫ
j+1
2 ,
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
j
2
∣∣∣∣∣∣ ≤
≤
∥∥∥∥∥∥∥g
∫ ǫ j2
ǫ
j+1
2
ki
(
b (k) + b† (k)
)
d3k
|k|
√
2|k|
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
∥∥∥∥∥∥∥
F+
ǫ
j+1
2
·
∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
d3k Πi
ǫ
j
2
φǫ
j
2
∥∥∥∥∥∥∥ ≤
≤ g ·
((
ǫ−
1
4
√
20
)
+ 2
√
40π
)
· ǫ j4 · 2m
g
·
√
11√
112·40π · 1(24·44)2·ǫ j4 ≤
≤ 2m ·
((
ǫ−
1
4
√
20
)
+ 2
√
40π
)
·√ 11√
112·40π · 1(24·44)2 · ǫ
j
8
We onlude that (18) is bounded by
4
{[
2m
g
√
2m ·
(
ǫ−
1
4
√
20
)
+ 2m
((
ǫ−
1
4
√
20
)
+ 2
√
40π
)]
·
√
11√
112·40π · 1(24·44)2
}
· ǫ− j4
From the previous estimates we have that for g = g (g ≤ 1), xed from the be-
ginning of the theorem, the sum of (17) and (18) times
g2
4m2
is less than
g2
4m2
·
[
2
{
2m
(
ǫ−
1
4
√
20
)2
+
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)2
+ 2 · √2m ·
(
ǫ−
1
4
√
20
)
·
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)}
+
+4
{[
2m
g
√
2m ·
(
ǫ−
1
4
√
20
)
+ 2m
((
ǫ−
1
4
√
20
)
+ 2
√
40π
)]
·√ 11√
112·40π · 1(24·44)2
}]
· ǫ− j4 ≤
≤ g2m2
[{
2m
(
ǫ−
1
4
√
20
)2
+
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)2
+ 2 · √2m ·
(
ǫ−
1
4
√
20
)
·
((
ǫ−
1
4
√
20π
)
+ 2
√
40π
)}
+
+2
{[
2m
√
2m ·
(
ǫ−
1
4
√
20
)
+ 2m
((
ǫ−
1
4
√
20
)
+ 2
√
40π
)]
·√ 11√
112·40π · 1(24·44)2
}]
·ǫ− j4 ≤
≤ 11
40πS
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1) .
At this point the proedure has to be repeated nearly up to the ut-o ǫ
j+1
8
, preisely
the ut-o ǫ
[̂j+1]+1
2
where
ĵ+1
2
= j+1
8
e
[
ĵ + 1
]
=integer part of ĵ + 1:
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g2
4m2
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
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−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
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∣∣∣∣∣∣ ≤
≤ 11
40πS
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1) +
g2
4m2
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∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j+1
2 ,
∣∣∣∣∣∣
 1
Hw
ǫ
j
2
−E(j)
∣∣∣∣∣∣Πiǫ j2 φǫ
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2
∣∣∣∣∣∣ ≤
≤ 11
40πS
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1) +
g2
4m2
· 2Q (ǫ)
∣∣∣∣∣∣
Πi
ǫ
j
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j
2
−E(j)
Πi
ǫ
j
2
φǫ
j+1
2
∣∣∣∣∣∣ ≤
≤ 11
40πS
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1)+
g2
4m2
·22Q (ǫ)
∣∣∣∣∣∣
Πi
ǫ
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2
φǫ
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2 ,
∣∣∣∣∣∣
 1
Hw
ǫ
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2
−E(j−1)
∣∣∣∣∣∣Πiǫ j2 φǫ
j+1
2
∣∣∣∣∣∣ ≤
≤ 11
40πS
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1)
(
1 +
(
2Q (ǫ) · ǫ 14
)
+ ..... +
(
2Q (ǫ) · ǫ 14
) 3j+3
4
)
+
+ g
2
4m2
· 20
11
· 2ǫ
1
2
ǫ
1
4 (j+1)
(2Q (ǫ))
3j+3
4 · ǫ j−38
the formula above an be explained with:
• j −
[
ĵ + 1
]
≤ j + 1− ĵ − 1 = 3j+3
4
• being Q (ǫ) > 1 (2Q (ǫ))
3j+3
4 ≥ (2Q (ǫ))j−[̂j+1]
• 1
ǫ
[̂j+1]+1
2
≤ 1
ǫ
j+1
4
+1
2
= 1
ǫ
j+5
8
= 1
ǫ
1
4 (j+1)
· ǫ j−38
then
g2
4m2
∣∣∣∣∣∣
Πi
ǫ
j+1
2
φǫ
j+1
2 ,
 1
Hw
ǫ
j+1
2
−E(j+1)
Πi
ǫ
j+1
2
φǫ
j+1
2
∣∣∣∣∣∣ ≤
≤ 11
40πS
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1)
(
1 +
(
2Q (ǫ) · ǫ 14
)1
+ .....+
(
2Q (ǫ) · ǫ 14
)j−[̂j+1])
+
+ g
2
4m2
· 40
11
· ǫ
1
2
ǫ
1
4 (j+1)
(
2Q (ǫ) ǫ
j−3
6j+6
) 3j+3
4 ≤
≤ 1140πS · 1√112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1)
(
1 +
(
2Q (ǫ) · ǫ 14
)1
+ ..+
(
2Q (ǫ) · ǫ 14
)j−[̂j+1]
+ 20·ǫ
1
4
11·W
(
2Q (ǫ) ǫ
j−3
6j+6
) 3j+3
4
)
≤ 11
40π
· 1√
112·Q(ǫ) · 1(24·44)2·ǫ 14 (j+1)
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Notes
• by hypothesis, 0 < g ≤ 2m2
W
· 1√
112·Q(ǫ) · 1140πS · 1(24·44)2·ǫ 14 and g ≤ 1, therefore we
have that
g2
4m2
· 40ǫ
1
2
11
≤ 20ǫ
1
4
11·W · 1√112·Q(ǫ) · 1140πS · 1(24·44)2
• note that
(
2Q (ǫ) ǫ
j−3
6j+6
) 3j+3
4 ≤
(
2Q (ǫ) ǫ
1
12
)6 ∀j ≥ 7 , as
0 < ǫ <
(
1
4
)16
, 1 < Q (ǫ) < 2 ⇒ 2Q (ǫ) · ǫ 112 < 1
• by denition S = ∑∞n=0 (2Q (ǫ) · ǫ 14)n + 20ǫ 1411·W · (2Q (ǫ) ǫ 112)6
2.2 Case P 6= 0.
I repeat on the hamiltonian HP,σ the same operations made for the anoni form
(10) of the transformed hamiltonian HP. Unlike the ase without infrared ut-o,
the transformation of HP,σ is implemented by the unitary operator
Wσ (P) = Wσ
(
P1
m
)
= e
−g
∫ κ
σ
b(k)−b†(k)
|k|(1−k̂·P1m )
d3k√
2|k|
where P1 ≡ P −Pmes = m∇Eσ (P). The last inequality follows from the perturba-
tion of the isolated eigenvalue E0P of H
0
P |F+σ (see [2℄) .
P1 veries the equation:
P−P1 = 1‖φσ
P
‖2 (φ
σ
P,P
mesφσP)− 1‖φσ
P
‖2
(
φσP, g
∫ κ
σ
k
√
2|k|
3
2
(
1−k̂·P1
m
) (b (k) + b† (k)) d3kφσP
)
+g2
∫ κ
σ
k
2|k|3
(
1−k̂·P1
m
)2 d3k
as φσP is the ground state of the transformed hamiltonian Wσ
(
P1
m
)
HP,σW
†
σ
(
P1
m
)
Transformed hamiltonian.
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I will write HP,σ, P = P1 +P2 , as
HP,σ =
(P1+P2−Pmes)2
2m
+ g
∫ κ
σ
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes =
= (P1+P2)
2
2m
− (P1+P2)·Pmes
m
+ P
mes2
2m
+ g
∫ κ
σ
(
b (k) + b† (k)
)
d3k√
2|k| +H
mes =
= (P1+P2)
2
2m
+ P
mes2
2m
− P2·Pmes
m
+
∫∞
κ
(
|k| − k · P1
m
)
b† (k) b (k) d3k+
+
∫ κ
σ
(
|k| − k · P1
m
) (
b† (k) + g√
2|k| 32 (1−k̂·P1m )
)(
b (k) + g√
2|k| 32 (1−k̂·P1m )
)
d3k
+
∫ σ
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k − g2 ∫ κσ 12|k|2(1−k̂·P1m )d3k
and I will perform the oherent transformation:
Wσ
(
P1
m
)
HP,σW
†
σ
(
P1
m
)
=
= (P1+P2)
2
2m
+ 1
2m
(
Pmes − g ∫ κσ k√
2|k| 32 (1−k̂·P1m )
(
b (k) + b† (k)
)
d3k + g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)2
+
−P2
m
(
Pmes − g ∫ κσ k√
2|k| 32 (1−k̂·P1m )
(
b (k) + b† (k)
)
d3k + g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
+
∫∞
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k − g2 ∫ κσ 12|k|2(1−k̂·P1m )d3k
Considerations
Having dened ΠP,σ = P
mes − g ∫ κσ k(b(k)+b†(k))√
2|k| 32 (1−k̂·P1m )
d3k it follows that
P2 =
1
‖φσP‖2 (φ
σ
P,ΠP,σφ
σ
P) + g
2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
By substitution we obtain
HwP,σ ≡Wσ
(
P1
m
)
HP,σW
†
σ
(
P1
m
)
=
= P
2
2m
+ 1
2m
(
ΠP,σ + g
2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)2
− P2
m
(
ΠP,σ + g
2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
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+
∫∞
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k − g2 ∫ κσ 12|k|2(1−k̂·P1m )d3k =
= 1
2m
(ΠP,σ)
2 + 1
2m
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)2
+ 1
m
ΠP,σ ·
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
− 1
m
(
1
‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P) + g
2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
·
(
ΠP,σ + g
2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
+
∫∞
0
(
|k| − k · P1
m
)
b† (k) b (k) d3k − g2 ∫ κσ 12|k|2(1−k̂·P1m )d3k + P22m =
= 1
2m
(
ΠP,σ − 1‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P)
)2
+
∫∞
0 (|k| − k · ∇Eσ (P)) b† (k) b (k) d3k+
+ 1
2m
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)2
− 1
m
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
·
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
+
−g2 ∫ κσ 12|k|2(1−k̂·P1m )d3k + P22m − 12m
(
1
‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P)
)2
+
− 1
m
(
1
‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P)
)
·
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
=
= 1
2m
(
ΠP,σ − 1‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P)
)2
+
∫∞
0 (|k| − k · ∇Eσ (P)) b† (k) b (k) d3k+cP (σ)
where
cP (σ) = − 12m
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)2
− 1
2m
(
1
‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P)
)2
+
− 1
m
(
1
‖φσP‖2 · (φ
σ
P,ΠP,σφ
σ
P)
)
·
(
g2
∫ κ
σ
k
2|k|3(1−k̂·P1m )
2d
3k
)
− g2 ∫ κσ 12|k|2(1−k̂·P1m )d3k+ P22m =
= − 1
2m
[(
g2
∫ κ
σ
k
2|k|3
(
1−k̂·P1
m
)2 d3k)+( 1‖φσP‖2 · (φσP,ΠP,σφσP)
)]2
− g2
∫ κ
σ
1
2|k|2
(
1−k̂·P1
m
)d3k+
+P
2
2m = − 12m [P−m∇Eσ (P)]2 − g2
∫ κ
σ
1
2|k|2
(
1−k̂·∇Eσ
)d3k + P22m
From lemma A2 (point 1), |cP (σ)| will be bounded uniformly in σ and |∇Eσ (P)| < 1.
Now, given the infrared ut-o ǫ
j+1
2
and ǫ
j+2
2
, I perform the unitary transformations
i) H
P,ǫ
j+1
2
→ W
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
H
P,ǫ
j+1
2
W
†
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
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ii) H
P,ǫ
j+2
2
→ W
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
H
P,ǫ
j+2
2
W
†
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
Note that the two transformations are dierent in the ut-o but not
in the oherent fator.
Note
In order to ompress the formulas, from now on I will use the following
Γi
P,ǫ
j+1
2
≡ Πi
P,ǫ
j+1
2
−
(
φǫ
j+1
2
P ,Π
i
P,ǫ
j+1
2
φǫ
j+1
2
P
)
∥∥∥∥φǫ j+12P ∥∥∥∥2
We dene:
Hw
P,ǫ
j+1
2
≡W
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
H
P,ǫ
j+1
2
W
†
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
=
= 1
2m
(
Γ
P,ǫ
j+1
2
)2
+
∫∞
0
(
|k| − k · ∇Eǫ
j+1
2 (P)
)
b† (k) b (k) d3k + cP (j + 1)
Ĥw
P,ǫ
j+2
2
≡W
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
H
P,ǫ
j+2
2
W
†
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
=
= 1
2m
Γ
P,ǫ
j+1
2
− g
∫ ǫ j+12
ǫ
j+2
2
k
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2 (P)
) (b (k) + b† (k)) d3k + g2 ∫ ǫ j+12
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k
2+
+
∫∞
0
(
|k| − k · ∇Eǫ
j+1
2 (P)
)
b† (k) b (k) d3k + ĉP (j + 2)
where
ĉP (j + 2) = − 12m
 1∥∥∥∥φǫ j+12P ∥∥∥∥2
(
φǫ
j+1
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
+ g2
∫ κ
ǫ
j+1
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k

2
+
−g2 ∫ κ
ǫ
j+2
2
1
2|k|2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k + P22m .
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By onstrution, the following equality holds
Hw
P,ǫ
j+2
2
= W
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
H
P,ǫ
j+2
2
W
†
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
=
= W
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
W
†
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
Ĥw
P,ǫ
j+2
2
W
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
W
†
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
(the hamiltonians H
P,ǫ
j+1
2
,Hw
P,ǫ
j+1
2
and Ĥw
P,ǫ
j+1
2
are s.a. on the same domain and
the formal equalities are well dened from an operatorial point of view).
Denitions
Π̂i
P,ǫ
j+1
2
≡W
ǫ
j+1
2
(
∇Eǫ
j
2 (P)
)
W
†
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
Πi
P,ǫ
j+1
2
W
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
W
†
ǫ
j+1
2
(
∇Eǫ
j
2 (P)
)
=
= Pmes
i−g ∫ κ
ǫ
j+1
2
ki(b(k)+b†(k))
√
2|k| 32
(
1−k̂·∇Eǫ
j
2
P
)d3k+ g22 ∫ κǫ j+12 ki
|k|3
(
1−k̂·∇Eǫ
j
2
P
)2 d3k− g22 ∫ κǫ j+12 ki
|k|3
(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k;
Γ̂i
P,ǫ
j+1
2
≡ Π̂i
P,ǫ
j+1
2
−
(
φ̂ǫ
j+1
2
P
,Π̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P
)
∥∥∥∥φ̂ǫ j+12P ∥∥∥∥2
Theorem 2.3bis
Convergene of the sequene of the ground states Hw
P,ǫ
j+1
2
.
In order to arrive to a onvergent sequene of ground eigenvetors, one starts from
the ut-o ǫ and from the (normalized) vetor Wǫ (∇Eǫ (P))ψǫP and proeeds with
the same iteration, on the basis of the results of lemma A1. Comparing the hamilto-
nians Hw
P,ǫ
j+1
2
and Ĥw
P,ǫ
j+2
2
we an build φ̂ǫ
j+2
2
P in terms of φ
ǫ
j+1
2
P and nally we dene
φǫ
j+2
2
P ≡W
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
W
†
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
φ̂ǫ
j+2
2
P .
Like in the ase P = 0, in order to prove the onvergene of the vetors φǫ
j+1
2
P ,
one needs a more rened estimate of the ontribution, to the dierene between the
generi vetors φǫ
j+1
2
P and φ̂
ǫ
j+2
2
P , given by the mixed terms ontaining the Γ
i
P,ǫ
j+1
2
. For
this purpose the proedure to follow is slightly more elaborated than in the ase
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where P = 0, beause it is neessary to ompare the following vetors one after the
other:
φǫ
j
2
P → φ̂ǫ
j+1
2
P → φǫ
j+1
2
P → φ̂ǫ
j+2
2
P → φǫ
j+2
2
P .
I apply a proper adaptation of the lemmas 2.1 e 2.2. to estimate the ontribu-
tion to the norm of φǫ
j+1
2
P − φ̂ǫ
j+2
2
P given by the examined mixed terms. Apart from
numeri dierenes, even in this ase the improvement of the estimate onsists in the
bound of an expression like (14) of theorem 2.3 with a quantity of the order ǫ−
j+1
4
(that means multipliative onstants that are uniform in j):
g2
4m2
∣∣∣∣∣∣∣
Γi
P,ǫ
j+1
2
φǫ
j+1
2
P ,
 1
Hw
P,ǫ
j+1
2
−E (j + 1)
Γi
P,ǫ
j+1
2
φǫ
j+1
2
P

∣∣∣∣∣∣∣
where E (j + 1) is s.t.
∣∣∣∣E (j + 1)− Eǫ j+12P ∣∣∣∣ = 1120ǫ j+22 .
Note
In the adaptation to the examined ase of the derivation of the (13) from the (14), take are
of lemma A1 and of the following dierene:
ĉP (j + 2)− cP (j + 1) = −g2
∫ ǫ j+12
ǫ
j+2
2
1
2|k|2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k
The bound for the module of the above salar produt is the result of an indu-
tive proedure like the one where P = 0; it is for this reason that I will not repeat
the entire proof but I will point out the key ingredients without further details.
I apply to both the fators of the salar produt the unitary operator
W
ǫ
j+1
2
(
∇Eǫ
j
2 (P)
)
W
†
ǫ
j+1
2
(
∇Eǫ
j+1
2 (P)
)
(suh an operation is not required if P = 0) and I obtain
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Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P ,
 1
Ĥw
P,ǫ
j+1
2
−E(j+1)
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P

as in theorem 2.3 I go on with the following bound (from above)∣∣∣∣∣∣
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P ,
 1
Ĥw
P,ǫ
j+1
2
−E(j+1)
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P
∣∣∣∣∣∣ ≤
≤ 2
∣∣∣∣∣∣
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P ,
∣∣∣∣∣∣
 1
Hw
P,ǫ
j
2
−E(j)
∣∣∣∣∣∣Γ̂iP,ǫ j+12 φ̂ǫ
j+1
2
P
∣∣∣∣∣∣ ≤
≤ 2
∣∣∣∣∣∣
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P − Γi
P,ǫ
j
2
φǫ
j
2
P ,
∣∣∣∣∣∣
 1
Hw
P,ǫ
j
2
−E(j)
∣∣∣∣∣∣
(
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P − Γi
P,ǫ
j
2
φǫ
j
2
P
)∣∣∣∣∣∣+
+4
∣∣∣∣∣∣
Γ̂i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P − Γi
P,ǫ
j
2
φǫ
j
2
P ,
∣∣∣∣∣∣
 1
Hw
P,ǫ
j
2
−E(j)
∣∣∣∣∣∣
(
Γi
P,ǫ
j
2
φǫ
j
2
P
)∣∣∣∣∣∣+
+2
∣∣∣∣∣∣
Γi
P,ǫ
j
2
φǫ
j
2
P ,
∣∣∣∣∣∣
 1
Hw
P,ǫ
j
2
−E(j)
∣∣∣∣∣∣ΓiP,ǫ j2 φǫ
j
2
P
∣∣∣∣∣∣
The proof goes on as in theorem 2.3 taking into aount the following information:
1)
Π̂i
P,ǫ
j+1
2
−Πi
P,ǫ
j
2
= −g ∫ ǫ j2
ǫ
j+1
2
ki(b(k)+b†(k))
√
2|k| 32
(
1−k̂∇Eǫ
j
2
P
)d3k + g2
2
∫ κ
ǫ
j+1
2
ki
|k|3
(
1−k̂·∇Eǫ
j
2
P
)2d3k+
−g2
2
∫ κ
ǫ
j+1
2
ki
|k|3
(
1−k̂·∇Eǫ
j+1
2
P
)2d3k
(
φ̂ǫ
j+1
2
P , Π̂
i
P,ǫ
j+1
2
φ̂ǫ
j+1
2
P
)
−
(
φǫ
j
2
P ,Π
i
P,ǫ
j
2
φǫ
j
2
P
)
=
= 2Re
(
Πi
P,ǫ
j
2
φ̂ǫ
j
2
P , φ̂
ǫ
j+1
2
P − φǫ
j
2
P
)
+
(
Πi
P,ǫ
j
2
(
φǫ
j
2
P − φ̂ǫ
j+1
2
P
)
, φ̂ǫ
j+1
2
P − φǫ
j
2
P
)
+
+
(
φ̂ǫ
j+1
2
P ,
{
Π̂i
P,ǫ
j+1
2
− Πi
P,ǫ
j
2
}
φ̂ǫ
j+1
2
P
)
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2)
∥∥∥∥∥∥∥∥
∫ ǫ j2
ǫ
j+1
2
qib (q) d
3q
|q|
√
2|q|
(
1−q̂·∇Eǫ
j
2
P
)
 1
Hw
P,ǫ
j
2
−E(j)
 12
∥∥∥∥∥∥∥∥
F+
ǫ
j+1
2
is of order ǫ
j
4
2bis)
∥∥∥∥∥∥∥∥
∫ ǫ j2
ǫ
j+1
2
qib† (q) d
3q
|q|
√
2|q|
(
1−q̂·∇Eǫ
j
2
P
)  1
Hw
P,ǫ
j
2
−E(j)
 12
∥∥∥∥∥∥∥∥
F+
ǫ
j+1
2
is of order ǫ
j
4
3) indutive hypothesis for evaluating:
i)
g2
4m2
∥∥∥∥∥∥∥
∣∣∣∣∣∣ 1Hw
P,ǫ
j
2
−E(j)
∣∣∣∣∣∣
1
2
d3kΓi
ǫ
j
2
φǫ
j
2
∥∥∥∥∥∥∥
2
of order ǫ−
j
4
ii)
∥∥∥∥φ̂ǫ j+12P − φǫ j2P ∥∥∥∥ of order ǫ j8 = σ 14j−1, whih implies
•
∥∥∥∥Πi
P,ǫ
j
2
φ̂ǫ
j+1
2
P − Πi
P,ǫ
j
2
φǫ
j
2
P
∥∥∥∥ < √2m(Eǫ j2P − cP (j)) 12 ∥∥∥∥φ̂ǫ j+12P − φǫ j2P ∥∥∥∥ then of order
ǫ
j
8
(the uniformity in j of the bound of
(
Eǫ
j
2
P − cP (j)
)
follows from lemma A2)
•
∣∣∣∣∇Eǫ j+12P −∇Eǫ j2P ∣∣∣∣ ≤ C (g) ǫ j8 (see lemma A2)
As for the estimate of∥∥∥∥φ̂ǫ j+22P − φǫ j+22P ∥∥∥∥ = ∥∥∥∥W
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
W
†
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
φǫ
j+2
2
P − φǫ
j+2
2
P
∥∥∥∥
note that the dierene between ∇Eǫ
j+1
2
P and ∇Eǫ
j+2
2
P is bounded by a quantity of
order ǫ
j+1
8
. This allows to neutralize the logarithmi divergene in ǫ
j+2
2
whih arises
from the Weyl operators W
ǫ
j+2
2
(
∇Eǫ
j+1
2 (P)
)
W
†
ǫ
j+1
2
(
∇Eǫ
j+2
2 (P)
)
.
In onlusion, tuning g uniformly in j as we saw in theorem 2.3, it is possible
to bound the norm dierene between φǫ
j+1
2
P and φ̂
ǫ
j+2
2
P with ǫ
j+1
8
and the dierene
between φǫ
j+1
2
P and φ
ǫ
j+2
2
P with ǫ
j+1
16
.
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Observation
The logarithmi divergene in ǫ
j+2
2
related to the Weyl operators inludes the one that follows
from the rst approximation of:
(∫ κ
ǫ
j+2
2
∥∥∥∥b (k)W b
ǫ
j+2
2
(
∇Eǫ
j+2
2 (P)
)
ψ
P,ǫ
j+2
2
∥∥∥∥2 d3k
) 1
2
being b (k)ψ
P,ǫ
j+2
2
= g√
2|k|
 1
Eǫ
j+2
2 (P)−|k|−H
P−k,ǫ
j+2
2
ψ
P,ǫ
j+2
2
(see [2℄) and
∥∥∥ψ
P,ǫ
j+2
2
∥∥∥ < 1.
(see also lemma B2 in Appendix B).
Corollary 2.4
The sequene
{
φǫ
j+2
2
P
}
(φǫP normalized vetor) onverges to a non-vanishing ve-
tor when the value of the oupling onstant is less or equal to the g determined by
theorems 2.3 and 2.3bis, therefore suh as that
∥∥∥∥φǫ j+22P − φǫ j+12P ∥∥∥∥ ≤ ǫ j+116 .
Proof
This is a Cauhy sequene beause ∀l, j l ≥ j∥∥∥∥φǫ l+12P − φǫ j+12P ∥∥∥∥ ≤ ∥∥∥∥φǫ l+12P − φǫ l2P + φǫ l2P − .......− φǫ j+22P + φǫ j+22P − φǫ j+12P ∥∥∥∥ ≤
≤ ǫ l16 + ǫ l−116 + ...... + ǫ j+116 ≤ ǫ j+116 ·
(
1
1−ǫ 116
)
The limit does not vanish sine the following inequality holds, uniformly in j:∥∥∥∥φǫ j+12P ∥∥∥∥ ≥ ‖φǫP‖ − (ǫ 116 + ǫ 216 + ....+ ǫ j16) ≥ 1− ( ǫ 116
1−ǫ 116
)
≥ 1−2ǫ
1
16
1−ǫ 116
> 2
3
.
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3 Spetral regularity.
In this paragraph I will dene a normalized vetor φσP, that is the ground state of
HwP,σ |F+σ ( σ ≤ ǫ ). It has a regularity property in P required for the onstru-
tion of the sattering states in the next hapter (in partiular I will use the vetors
W †σ (∇Eσ (P))φσP).
We arrive at the vetor φσP through an intermediate (not normalized) vetor φ˜
σ
P from
whih it diers only for a phase term, apart from the normalization. The hoie of
the right phase is aimed at two results:
- the norm onvergene of the vetor φσP , for σ → 0, to a vetor φP;
- the aquisition of the following Hoelder property, with respet to P:∥∥∥φσP+∆P − φσP∥∥∥ ≤ C |∆P| 132
where C is a uniform onstant in P,P+∆P ∈ Σ (∆P <
(
1
6
)4
) and in 0 < σ ≤ ǫ
Denition of φ˜σP
Initial onditions
We start from the initial infrared ut-o {ǫ′ : ǫ ≥ ǫ′ ≥ ǫ√ǫ} and from a oupling
onstant g suh that, uniformly in ǫ′ and in P ∈ Σ, it is possible to perform the
iterative proedure with the properties already shown when the starting ut-o is ǫ,
in partiular the validity of the theorem 2.3bis. It is also required that for the hosen
value g we have ∀ǫ′ and ∀P ∈ Σ
∣∣∣(φǫ′P, ψ0)∣∣∣ > 1− r (g) where r (g) < 23 .
Proedure
I perform the iteration shown in the previous hapter for eah ǫ′ . Given a σ ranging
between ǫ
j+2
2
and ǫ
j+3
2
we an always write it as ǫ′
j+2
2
where ǫ′ = ǫ′ (σ) = σ
2
j+2
. I dene
φ˜σP ≡ φǫ
′(σ)
j+2
2
P
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Denition of φσP.
To go on with the denition I use the thesis of lemma 3.1 that will be later proved:(
φ˜σP, ψ0
)
6= 0 ∀0 < σ ≤ ǫ, ∀P ∈ Σ.
Sine φ˜σP is ground state of H
w
P,σ |F+σ with a gap bigger than σ2 and beause of previous
result, I realize that the normalized vetor
φσP ≡
− 1
2πi
∮ 1
Hw
P,σ
−EdE ψ0∥∥∥∥− 12πi ∮ 1Hw
P,σ
−EdE ψ0
∥∥∥∥
(where E ∈ C and s.t. |E − EσP| = σ4 )
is the ground state of HwP,σ |F+σ .
Lemma 3.1(
φ˜σP, ψ0
)
6= 0 ∀σ ≤ ǫ, ∀P ∈ Σ
Proof
Knowing that:
•
∥∥∥∥φǫ′P − φǫ′ j+22P ∥∥∥∥ ≤ ǫ′ 116
1−ǫ′ 116
≤ 1
3
(orollary 2.4)
•
(
φ˜σP, ψ0
)
=
(
φ˜σP − φǫ
′(σ)
P + φ
ǫ′(σ)
P , ψ0
)
=
(
φ˜σP − φǫ
′(σ)
P , ψ0
)
+
(
φ
ǫ′(σ)
P , ψ0
)
• for the hypothesis in the denition of φ˜σP ,
∣∣∣(φǫ′P, ψ0)∣∣∣ > 1−r (g) where r (g) < 23
we have that∣∣∣(φ˜σP, ψ0)∣∣∣ ≥ ∣∣∣∣∣∣(φǫ′(σ)P , ψ0)∣∣∣− ∣∣∣(φ˜σP − φǫ′(σ)P , ψ0)∣∣∣∣∣∣ > 1− r (g)− 13 > 0
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Theorem 3.2
For P ∈ Σ, the limits s− limσ→0 φσP ≡ φP and limσ→0EσP = EP exist.
Proof
I will write again φ˜σ2P − φ˜σ1P in the following way
φ˜σ2P − φ˜σ1P = φ˜σ2P − φǫ2(σ2)
l+2
2
P + φ
ǫ2(σ2)
l+2
2
P − φǫ1(σ1)
m+2
2
P + φ
ǫ1(σ1)
m+2
2
P − φ˜σ1P .
Now, given an arbitrarily small δ, there exist l (δ) , m (δ) suiently large and a
phase eiη(δ) in whih∥∥∥∥∥φǫ1(σ1)
m+2
2
P − eiη(δ)φǫ2(σ2)
l+2
2
P
∥∥∥∥∥ ≤ δ.
This is possible essentially beause of the onvergene established in theorems 2.3 and
2.3bis and beause, by onstrution, the ground state is unique until there is a ut-o.
Therefore
∥∥∥φ˜σ2P − e−iη(δ)φ˜σ1P ∥∥∥ an be bounded with a quantity of order σ 182 + σ 181 + δ.
moreover∥∥∥∥Pφ˜σ1
P
ψ0 − Pφ˜σ2
P
ψ0
∥∥∥∥ = ∥∥∥φ˜σ1P (φ˜σ1P , ψ0)− φ˜σ2P (φ˜σ2P , ψ0)∥∥∥ ≤
≤
∥∥∥φ˜σ1P (φ˜σ1P , ψ0)− eiηφ˜σ2P (φ˜σ1P , ψ0)∥∥∥ + ∥∥∥φ˜σ2P (e−iηφ˜σ1P , ψ0)− φ˜σ2P (φ˜σ2P , ψ0)∥∥∥ =
≤
∥∥∥φ˜σ1P − eiηφ˜σ2P ∥∥∥ · ∣∣∣(φ˜σ1P , ψ0)∣∣∣+ ∥∥∥φ˜σ2P ∥∥∥ · ‖ψ0‖ · ∥∥∥e−iηφ˜σ1P − φ˜σ2P ∥∥∥
It follows that φσP ≡
P
φ˜σ
P
ψ0∥∥∥∥Pφ˜σ
P
ψ0
∥∥∥∥ onverges strongly to a vetor φP, with an error of
order σ
1
8
.
The onvergene of EσP follows from the estimates of the generalized version of lemma
1.3 and from the fat that the hamiltonian HP is bounded from below.
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Lemma 3.3
For P and P + ∆P belonging to Σ ≡ {P : |P| ≤ √m} and m suiently large
the following Hoelder estimate on the energy gradient holds:
|∇Eσ (P)−∇Eσ (P+∆P)| ≤ C |∆P| 116
where the onstant C is uniform in 0 ≤ σ < ǫ , in P,P+∆P ∈ Σ where |∆P| ≤
(
1
2
) 4
3
.
Proof
The idea is to perturb, in P, the ∇E|∆P|
1
4 (P) ≡
(
ψ
|∆P| 14
P ,
P−Pmes
m
ψ
|∆P| 14
P
)
where
ψ
|∆P| 14
P is the normalized ground state of HP,|∆P| 14 .
For this purpose I expand the resolvent
1
H
P+∆P,|∆P| 14 |F+
|∆P|
1
4
−E
( E ∈ C and s.t.
∣∣∣∣E − E|∆P| 14P ∣∣∣∣ = |∆P| 144 ), on the basis of the following informa-
tion:
• H
P+∆P,|∆P| 14 −HP,|∆P| 14 = −
∆P
m
·Pmes + ∆P
m
·P+ |∆P|2
2m
;
• H
P,|∆P| 14 |F+
|∆P|
1
4
has unique ground state ψ
|∆P| 14
P of energy E
|∆P| 14
P and orre-
sponding gap bounded from below by
|∆P| 14
2
( theorem 1.5 in the ontinuum
ase);
• the norm |∆P i| 18
∥∥∥∥∥∥∥∥
(
P i−Pmesi
)
√
2m
 1
H
P,|∆P|
1
4
|
F
+
|∆P|
1
4
−E

1
2
∥∥∥∥∥∥∥∥ is uniformly bounded in |∆P|.
Therefore, for a suiently large m we have that
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∑
i |∆P i|
1
4
∥∥∥∥∥∥∥∥
 1
H
P+∆P,|∆P|
1
4
|
F
+
|∆P|
1
4
−E

1
2 √
2
m
·
(
P i−Pmesi
)
√
2m
 1
H
P,|∆P|
1
4
|
F
+
|∆P|
1
4
−E

1
2
∥∥∥∥∥∥∥∥ <
1
4
•
∥∥∥∥∥− 12πi ∮ 1H
P+∆P,|∆P|
1
4
−EdE ψ
|∆P| 14
P
∥∥∥∥∥ ≥ 1−∑∞n=1
(
|∆P| 34
2
)n
≥ 2
3
for the onstraint |∆P| ≤
(
1
2
) 4
3
it follows that:
• − 1
2πi
∮ 1
H
P+∆P,|∆P|
1
4
−EdE ψ
|∆P| 14
P is ground state of HP+∆P,|∆P| 14 ;
•
∥∥∥∥∥∥∥∥∥∥
− 1
2πi
∮
1
H
P+∆P,|∆P|
1
4
−E dE ψ
|∆P|
1
4
P∥∥∥∥∥− 12πi ∮ 1H
P+∆P,|∆P|
1
4
−E dE ψ
|∆P|
1
4
P
∥∥∥∥∥
− ψ|∆P|
1
4
P
∥∥∥∥∥∥∥∥∥∥
≤ C ′ |∆P| 34
where C ′ is a onstant uniform in P ∈ Σ , P + ∆P ∈ Σ where ∆P ∈{
∆P : |∆P| ≤
(
1
2
) 4
3
}
.
Sine:
1)∇E|∆P|
1
4 (P+∆P)−∇E|∆P|
1
4 (P) =
(
ψ
|∆P| 14
P+P ,
P+∆P−Pmes
m
ψ
|∆P| 14
P+∆P
)
−
(
ψ
|∆P| 14
P ,
P−Pmes
m
ψ
|∆P| 14
P
)
2) H
P,|∆P| 14 + 2πg
2κ− (Pmes−P)2
2m
≥ 0
we an onlude that∣∣∣∣∇E|∆P| 14 (P)−∇E|∆P| 14 (P+∆P)∣∣∣∣ ≤ C ′′ |∆P| 34 (20)
where C ′′ is onstant uniform inP ∈ Σ , P+∆P ∈ Σ where∆P ∈
{
∆P : |∆P| ≤
(
1
2
) 4
3
}
,
and of order
1√
m
.
If σ < |∆P| 14 , in order to obtain the thesis of the lemma, I take advantage of the
result of theorem 2.3bis together with lemma A2 in Appendix A:
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∣∣∣∣∇E|∆P| 14 (P)−∇Eσ (P)∣∣∣∣ ≤ C |∆P| 116 for P ∈ Σ.
If σ ≥ |∆P| 14 an estimate analogous to (20) holds.
Theorem 3.4
Under the hypotheses of lemma 3.3, the norm dierene between φσP and φ
σ
P+∆P is
Hoelder with oeient
1
32
and multipliative onstant that is uniform in 0 ≤ σ < ǫ,
in P,P+∆P ∈ Σ where |∆P| ≤
(
1
6
)4
.
Proof
Preliminary denitions:
Hw
P,|∆P| 14
= 1
2m
Pmes − g ∫ κ|∆P| 14 k√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P)
) (b (k) + b† (k)) d3k

2
+
∫ (|k| − k · ∇E|∆P| 14 (P)) b† (k) b (k) d3k + cP (|∆P| 14)
Hw
P+∆P,|∆P| 14
= 1
2m
Pmes − g ∫ κ|∆P| 14 k√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P+∆P)
) (b (k) + b† (k)) d3k

2
+
+
∫ (|k| − k · ∇E|∆P| 14 (P+∆P)) b† (k) b (k) d3k + cP+∆P (|∆P| 14)
Hw
P+∆P,|∆P| 14
−Hw
P,|∆P| 14
= cP+∆P
(
|∆P| 14
)
− cP
(
|∆P| 14
)
+
+
∫ (−k · ∇E|∆P| 14 (P+∆P) + k · ∇E|∆P| 14 (P)) b† (k) b (k) d3k+
+ 12m
Π
P,|∆P| 14 +
∫ κ
|∆P| 14
g k√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P)
) − g k√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P+∆P)
)
(b+ b†) d3k
2+
− 1
2m
(
Π
P,|∆P| 14
)2
=
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= cP+∆P
(
|∆P| 14
)
− cP
(
|∆P| 14
)
+
+
∫ (
k ·
(
∇E|∆P|
1
4 (P)−∇E|∆P|
1
4 (P+∆P)
))
b† (k) b (k) d3k+
+ 1
2m
g ∫ κ|∆P| 14
k̂·
(
∇E|∆P|
1
4 (P)−∇E|∆P|
1
4 (P+∆P)
)
√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P+∆P)
)(
1−k̂·∇E|∆P|
1
4 (P)
) (b (k) + b (k)†) d3k

2
+
1
2m
Π
P,|∆P| 14
g ∫ κ|∆P| 14
k̂·
(
∇E|∆P|
1
4 (P)−∇E|∆P|
1
4 (P+∆P)
)
√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P+∆P)
)(
1−k̂·∇E|∆P|
1
4 (P)
) (b (k) + b (k)†) d3k
+
+
g ∫ κ|∆P| 14
k̂·
(
∇E|∆P|
1
4 (P)−∇E|∆P|
1
4 (P+∆P)
)
√
2|k| 32
(
1−k̂·∇E|∆P|
1
4 (P+∆P)
)(
1−k̂·∇E|∆P|
1
4 (P)
) (b (k) + b (k)†) d3k
 12mΠP,|∆P| 14
Considering that:
• the estimate (20) in lemma 3.3 holds:∣∣∣∣∇E|∆P| 14 (P)−∇E|∆P| 14 (P+∆P)∣∣∣∣ ≤ C ′′ |∆P| 34 ;
• the operator
Hw
P+∆P,|∆P|
1
4
−Hw
P,|∆P|
1
4
|∆P| 34
is form-bounded with respet to Hw
P,|∆P| 14
;
• the gap of E|∆P|
1
4
P (that is the ground eigenvalue of H
w
P,|∆P| 14
|F+
|∆P|
1
4
) is bounded
from below by
|∆P| 14
2
(generalized version of theorem 1.5);
for the Kato's theorem on the analyti perturbation, the vetor
φ
|∆P| 14
P+∆P ≡
− 1
2πi
∮
1
Hw
P+∆P,|∆P|
1
4
−E dE ψ0∥∥∥∥∥− 12πi ∮ 1Hw
P+∆P,|∆P|
1
4
−E dE ψ0
∥∥∥∥∥
( E ∈ C and s.t.
∣∣∣∣E − E|∆P| 14P+∆P∣∣∣∣ = |∆P| 144 )
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an be obtained, for m suiently large, perturbing φ
|∆P| 14
P .
From the perturbation we have the estimate:∥∥∥∥φ|∆P| 14P+∆P − φ|∆P| 14P ∥∥∥∥ ≤ C ′′′ |∆P| 14 (20.1)
where the onstant C ′′′ is uniform in P,P+∆P ∈ Σ where|∆P| ≤
(
1
6
)4
.
In onlusion, for σ < |∆P| 14 , using a generalized version of orollary 2.4 for σ
in the ontinuum, we have that:∥∥∥φσP+∆P − φσP∥∥∥ =
=
∥∥∥∥φσP+∆P − φ|∆P| 14P+∆P + φ|∆P| 14P+∆P − φ|∆P| 14P + φ|∆P| 14P − φσP∥∥∥∥ ≤
≤
∥∥∥∥φσP+∆P − φ|∆P| 14P+∆P∥∥∥∥ + ∥∥∥∥φ|∆P| 14P+∆P − φ|∆P| 14P ∥∥∥∥+ ∥∥∥∥φ|∆P| 14P − φσP∥∥∥∥ ≤
≤ |∆P| 132 + |∆P| 132 + C ′′′ |∆P| 14
If σ ≥ |∆P| 14 an estimate analogous to (20.1) holds.
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Part II
Sattering theory.
The infrared features of the model produe some diulties in understanding the
sattering:
- the arbitrarily large number of mesons involved in the sattering makes the expla-
nation of the asymptoti deoupling diult. In partiular a problem of onsisteny
arises between the total emission of an innite number of massless partiles (mesons)
and a free asymptoti dynamis for the nuleon. In other words we an say that a
denition of free dynamis for the infra-partile (the nuleon) is required;
- the L.S.Z. Weyl meson operators (see below) do not onverge on generi vetors of
the Hilbert spae
eiHte−iH
mes.tei(a(ϕ)+a
†(ϕ))eiH
meste−iHt ϕ (y) =
∫
e−ikyϕ˜ (k) d3k ∈ S (R3)
at least if one uses the same tehnique of the proof in [2℄.
Due to the absene of one partile states, from a oneptual point of view it is
not possible to use the Haag and Ruelle theory for the onstrution of sattering
states. Nevertheless, the deoupling mehanism in the H. and R. theory an be
reprodued in terms of xed time loality properties of the meson eld and of the
urrent density eld of the nuleon .
Aording to this interpretative sheme I review the onstrution of the asymptoti
nuleon, whih was onsidered in [2℄. My purposes are two:
- the rst one is to give a minimal (with respet to the meson loud) desription
of the nuleon out of the sattering
- the seond one onsists in nding a subspae of states whih will be used in or-
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der to prove the asymptoti onvergene of the massless eld. This subspae is the
analogous of the one partile subspae in the regularized ase (infrared ut-o in the
interation).
The starting point is the onstrution of the vetor ψG (t), at time t, that will ap-
proximate the minimal asymptoti nuleon state ψ
out(in)
G :
ψG (t) is onstruted starting from a one partile state for the hamiltonian Hσt , of
wave funtion G in P−variables, to whih a Weyl operator, in properly evolved me-
son variables (L.S.Z. Weyl operators, see later), is applied. The smearing funtion in
Weyl operators has the right infrared behavior established in the spetral analysis.
Its spetral distribution, near k = 0, is labelled by the asymptoti nuleon mean
veloity (onstruted a posteriori); its frequeny support goes from σt (σt → 0 for
|t| → +∞) to an arbitrarily small κ1 6= 0.
Intuitively, in the asymptoti limit it desribes a free (one partile state) nuleon
plus a not totally removable loud of asymptoti mesons. The main dierene
with an analogous onstrution by Froehlih [1℄ is that the infrared ut-o of the
loud of interating mesons is removed only asymptotially at a rate faster than
1
t
(in
aordane with the indetermination priniple). The advantage onsists in the fat
that the onstrution of the vetor ψG (t) is always inside the Hilbert spae and it
makes it simpler to use loality (by the nuleon position x) in proving the onver-
gene. Moreover, the removal of the infrared ut-o is an a posteriori result and a
byprodut of the deoupling.
I want to stress the fat that the oherent funtion in the denition of the minimal
asymptoti nuleon states is arbitrary exept for the infrared limit. Nevertheless the
oneptual and mathematial role of the minimal asymptoti nuleon states is very
useful in developing the sattering theory.
The mathematial ounterpart of what I said is the following.
We onstrut a set of states ψG (t) (where G is the P−wave funtion of the one
σt−partile state) on whih there exist the limits
s− lim
t→±∞ψG (t) ≡ ψ
out(in)
G
Moreover on these states the funtions f , ontinuous and of ompat support, of the
nuleon mean veloity have limit :
s− limt→±∞ eiHtf
(
x
t
)
e−iHtψout(in)G = s− limt→±∞ eiHtf
(
x
t
)
e−iHtψG (t) ∼= ψout(in)f ·G
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The norm losure of the nite linear ombinations
{∨
ψ
out(in)
G
}
substitutes the sub-
spae of states at one nuleon whih we have in the regularized ase
s− limt→±∞ eiHte−iHmestei(a(ϕ)+a†(ϕ))eiHmeste−iHtψout(in)G =
= s− limt→±∞ eiHte−iHmestei(a(ϕ)+a†(ϕ))eiHmeste−iHtψG (t) ≡ ψout(in)G,ϕ
(ϕ (y) =
∫
e−ikyϕ˜ (k) d3k, ϕ˜ (k) ∈ C∞0
(
R3 \ 0) )
By analogy, I will dene the invariant (under spae-time translation) subspaes H
1out(in)≡{∨
ψ
out(in)
G , G (P) ∈ C10 (R3 \ 0) ,P ∈ Σ
}
.
Then I dene H
out(in)≡
{∨
ψ
out(in)
G,ϕ , G ∈ C10 (R3 \ 0) , ϕ˜ ∈ C∞0 (R3 \ 0)
}
.The last one
is obtained by the vetors ψ
out(in)
G,ϕ , starting from H
1out(in)
.
As I already said, these denitions are arbitrary in some sense. Nevertheless, through
the (artiial) separation between H
1out(in)
and H
out(in)
I want to point out that:
- from a tehnial point of view, my onstrution of the sattering states is based on
some (arbitrary) H
1out(in)
;
- from a physial point of view, even if the meson loud desribed by smearing
funtions ϕ is totally removable, the meson loud linked to the vetors in H1out(in)
is not ompletely removable. Then all the sattering states always ontainn asymp-
toti mesons, those ones of the spaes H
1out(in)
involved in the onstrution of the
spaes H
out(in)
.
Now, we make an observation whih regards the oherent stati fator g 1|k|
√
2|k|(1−k̂·∇E)
founded in the spetral analysis. If we onsider a σ−ut-o dynamis, we an easily
ompute the asymptoti nuleon mean veloity. This operator oinides with ∇Eσ
if it is applied to the one nuleon partile states. Through a non-rigorous removal of
the ut-o, the oherent fator an be thought in terms of the asymptoti nuleon
mean veloity to be onstruted.
Content of the hapters.
In hapter 4, I dene the approximating vetor ψG (t) for the generi state of minimal
asymptoti nuleon. Then I study the norm in time, and nally I prove its strong
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onvergene (paragraphs 4.1 and 4.2).
In hapter 5, I onstrut the sattering subspaes H
out(in)
. Then I prove the existene
of the asymptoti limits of the funtions, ontinuous and of ompat support, of the
nuleon mean veloity. I also prove the existene of the asymptoti limit of L.S.Z.
meson eld Weyl operators and I disuss their ommutation properties.
The onstrution will be expliitly performed in the ase out. The ase in is
ompletely analogous.
4 Approximating vetor ψG (t).
I will onsider a ubi region of volume V = L3 inside Σ in the P−spae , for sim-
pliity of onstrution. For P in this region, we have:
• the existene of the ground state of HσP with the properties whih impliitly
follow from the results in hapter 3;
• small nuleon veloities |∇Eσ (P)| < 1 ∀σ (see lemma A2);
• |∇Eσ (P+ k)| < 1 ∀σ, for k : 0 ≤ |k| ≤ κ1 ≪ 1 (κ1 properly small).
I will assume that the following hypothesis holds in Σ :
hypothesis B1 ∃mr > 0 s.t. ∀σ ∀P ∈ Σ ∂Eσ(P)∂|P| ≥ |P|mr and
∂2Eσ(P)
∂2|P| ≥ 1mr
I onsider a time-dependent (t ≫ 1) ell partition of the volume V = L3. The
linear dimension of eah ell is
L
2n
, where n ∈ ℵ, n ≥ 1 is suh that (2n) 1ǫ ≤ t <
(2n+1)
1
ǫ
, ǫ > 0. The exponent ǫ will be xed only a posteriori. It follows that the
number of ells is N (t) = (2n)3 where n = [log2 t
ǫ]. I will all Γi the i
th
ell, entered
in Pi
Construtive presription of ψG (t).
1) I will onsider the vetor ψ
(t)
i,σt
=
∫
Γi
G (P)ψP,σtd
3P , where:
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- G (P) ∈ C10 (R3 \ 0);
- ψσtP ≡ W b†σt2 (∇Eσt)φ
σt
P is the normalized ground state of HP,σt (I will use the
index b in W b
†
σt2
in order to distinguish it from Weyl operators in a, a† variables);
- (t) is referred to the partition at time t;
-
∥∥∥ψ(t)i,σt∥∥∥ = (∫Γi |G (P)|2 d3P) 12 is of order (N (t))− 12
2)
I will dress eah ψ
(t)
i,σt
by the proper eiHte−iH
mestWσt (vi) e
iHmeste−iHσt t. In suh a
way, the vetor will remain inside the Hilbert spae H under removal of the ut-o.
Therefore I will dene:
ψG (t) ≡ eiHte−iHmest∑N(t)i=1 Wσt (vi) eiHmesteiγσt (vi,∇Eσt(P),t)e−iEσt (P)tψ(t)i,σt =
= eiHt
∑N(t)
i=1 Wσt (vi, t) e
iγσt (vi,∇Eσt(P),t)e−iE
σttψ
(t)
i,σt
being
• Wσt (vi) = e
−g
∫ κ1
σt
a(k)−a†(k)
|k|(1−k̂·vi)
d3k√
2|k|
, where vi is the veloity orresponding to the
ell enter Pi of Γi, vi ≡ ∇Eσt
(
Pi
)
, κ1 (0 < κ1 ≪ 1) is the integration upper
bound for the frequeny;
• Wσt (vi, t) = e−iH
mestWσt (vi) e
iHmest = e
−g
∫ κ1
σt
a(k)ei|k|t−a†(k)e−i|k|t
|k|(1−k̂·vi)
d3k√
2|k|
;
• γσt (vi,∇Eσt (P) , t) = −
∫ t
1
{
g2
∫ σSτ
σt
∫ cos(k·∇Eσt(P)τ−|k|τ)
(1−k̂·vi)
dΩd |k|
}
dτ =
= − ∫ t1 {g2 ∫ τσSττσt ∫ cos(q·∇Eσt(P)−|q|)(1−q̂·vi) dΩd|q|τ
}
dτ
eiγσt (vi,∇E
σt(P),t)
is a phase fator whose origin and denition will be lear later.
In partiular, in order to implement the onvergene of ψG (t), we will see that
the integration bound σSτ is a slow ut-o that will be substantially treated
as a xed ut-o, while the speed ut-o στ will require the phase term. For
this purpose it is neessary that σSτ goes like τ
−α
, where α is a positive number
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suiently less than 1, and that στ is of order τ
−β
, where β is suiently bigger
than 1. In the proofs, I will take α = 39
40
and I will not x the exponent β. On
the basis of partial estimates, eventually β will be hosen equal to 128 in order
to gain the strong onvergene of the vetor ψG (t).
4.1 Control of the norm of ψG (t).
I will study the salar produt:
(ψG (t) , ψG (t)) =
=
∑N(t)
i,j=1
(
Wσt (vi, t) e
iγσt (vi,∇Eσt(P),t)e−iHσttψ(t)i,σt ,Wσt (vj , t) e
iγσt (vj ,∇Eσt(P),t)e−iHσt tψ(t)j,σt
)
The diagonal terms of the above sum are easily under ontrol. In fat, if i = j
we obtain:
∑N(t)
i=1
(
ψ
(t)
i,σt
, ψ
(t)
i,σt
)
=
∑N(t)
i=1
∫
Γi
|G (P)|2 d3P = ∫V |G (P)|2 d3P
The following step onsists in proving that eah mixed term of the sum
∑N(t)
i,j=1 van-
ishes asymptotially with an order in t independent of the dimension of the ell.
Therefore, by properly hoosing the exponent ǫ that determines the rate of growth
of N (t) = [tǫ]3 , we obtain that the sum of mixed terms for t→ +∞ vanishes.
Remarks on the notations
In the estimates I will produe in these paragraphs, I will generially all C the
multipliative onstants whih are uniform in the infrared ut-o and in the ells
partition of the volume V . The bounds are intended from above, up to a dierent
expliit warning. The time t is intended muh greater than 1.
mixed terms
If i 6= j, I dene:
Mi,j (t) ≡
(
eiγσt (vi,∇E
σt(P),t)ψ
(t)
i,σt
, eiHσt tWσt,i,j (t) e
iγσt (vj ,∇Eσt(P),t)e−iHσt tψ(t)j,σt
)
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Wσt,i,j (t) ≡ e
−
∫ κ1
σt
a(k)ei|k|t−a†(k)e−i|k|t
|k| ·hi,j(k̂) d
3k√
2|k|
where hi,j
(
k̂
)
=
gk̂·(vj−vi)
(1−k̂·vj)·(1−k̂·vi)
Now, I onsider Mi,j (t) as a two-variable funtion, by distinguishing the time vari-
able t whih parametrizes the partition from the time variable s of the evolution. For
this purpose, I dene:
M̂i,j (t, s) ≡
(
eiγσt (vi,∇E
σt(P),s)ψ
(t)
i,σt
, eiHσtsWσt,i,j (s) e
iγσt (vj ,∇Eσt(P),s)e−iHσtsψ(t)j,σt
)
with the onstraint s > t and the obvious property M̂i,j (t, t) = Mi,j (t).
I verify that:
I) M̂i,j (t,+∞) = lims→+∞ M̂i,j (t, s) = 0
II) |Mi,j (t)| =
∣∣∣M̂i,j (t, t)− M̂i,j (t,+∞) + M̂i,j (t,+∞)∣∣∣ = ∣∣∣M̂i,j (t, t)− M̂i,j (t,+∞)∣∣∣ ≤
≤
∣∣∣∣∫+∞t dds
(
eiγσt(vi,∇Eσt ,s)ψ(t)i,σt , e
iHσtsWσ,i,j (s) e
iγσt(vj ,∇Eσt ,s)e−iHσtsψ(t)j,σt
)
ds
∣∣∣∣ ≤
≤ C · t2δ−3ǫ · t− 1112 · (ln σt)2 .
Proof of I)
For s > t
M̂i,j (λ, t, s) ≡
(
eiγσt (vi,∇E
σt(P),s)ψ
(t)
i,σt
, eiHσtsW λσt,i,j (s) e
iγσt (vj ,∇Eσt(P),s)e−iHσtsψj,σt
)
where:
- W λσt,i,j (s) ≡ e
−λ
∫ κ1
σt
a(k)ei|k|s−a†(k)e−i|k|s
|k| ·hi,j(k̂) d
3k√
2|k|
, λ a real parameter;
-
− ∫ s1 {g2 ∫ τ ·τ− 3940τ ·σt ∫ cos(q·∇Eσt (P)−|q|)(1−q̂·vi) dΩd|q|τ
}
dτ for s : s−
39
40 ≥ σt
γσt (vi,∇Eσt (P) , s) = {
γσt
(
vi,∇Eσt (P) , σ−
40
39
t
)
for s : s−
39
40 < σt
From the derivation with respet to the real parameter λ, we arrive at the dierential
equation:
66
dM̂i,j(λ,t,s)
dλ
= −λCi,jM̂i,j (λ, t, s) + rσ (λ, t, s) (21)
( ψ
(t)
i,σt
∈ D (Hσt), then it belongs to D (a (f)) and D
(
a† (f)
)
, f ∈ L2 (R3), and
the derivative with respet to λ is well dened)
where
Ci,j =
∫ κ1
σt
∣∣∣hi,j (k̂)∣∣∣2 d3k2|k|3
rσt (λ, t, s) =
= −
(
W
λ†
σt,i,j
(s) eiγσt (vi,∇E
σt (P),s)e−iHσtsψ(t)i,σt ,
∫ κ1
σt
a(k)ei|k|s
|k| · hi,j
(
k̂
)
d3k√
2|k|e
iγσt(vj ,∇Eσt (P),s)e−iHσtsψ(t)j,σt
)
+
+
(∫ κ1
σt
a(k)ei|k|s
|k| · hi,j
(
k̂
)
d3k√
2|k|e
iγσt (vi,∇Eσt(P),s)e−iHσtsψ(t)i,σt , W
λ
σt,i,j
(s) eiγσt (vj,∇E
σt (P),s)e−iHσtsψ(t)j,σt
)
from whih M̂i,j (1, t, s) = e
−Ci,j
2 M̂i,j (0, t, s) +
∫ 1
0 rσt (λ, t, s) dλ
Note that:
• M̂i,j (0, t, s) = 0 ∀t, s sine the P−supports of ψ(t)j,σt ,ψ(t)i,σt (i 6= j) are disjoint;
• thanks to lemma B2 (Appendix B) and by the ontrol of the derivative with
respet to s (theorem B4) one an verify the existene of
s− lims→+∞ eiHσts ∫ κ1σt a(k)ei|k|s|k| · hi,j (k̂) d3k√|k|e−iHσtseiγσt (vj ,∇Eσt(P),s)ψ(t)j,σt ≡
≡ aoutσt (h) e
iγσt
(
vi,∇Eσt(P),σ
− 4039
t
)
ψ
(t)
j,σt
• sine the vetor ψ(t)i,σt is a Fok state for
{
aoutσt (k) , k : 0 ≤ |k| ≤ κ1
}
(see theorem
B5, Appendix B) lims→+∞ rσt (λ, t, s) = 0; in fat
lims→+∞ eiHσts
∫ κ1
σt
a(k)ei|k|s
|k| · hi,j
(
k̂
)
d3k√
2|k|e
−iHσtseiγσt (vj ,∇E
σt(P),s)ψ
(t)
j,σt
=
= lims→+∞ eiHσts
∫ κ1
σt
a(k)ei|k|s
|k| · hi,j
(
k̂
)
d3k√
|k|e
−iHσtse
iγσt
(
vi,∇Eσt(P),σ
− 4039
t
)
ψ
(t)
j,σt
=
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= aoutσt (h) e
iγσt
(
vi,∇Eσt(P),σ
− 4039
t
)
ψ
(t)
j,σt
= 0
Therefore, starting from the equation(21), we have
M̂i,j (t,+∞) = M̂i,j (λ = 1, t,+∞) =
∫ 1
0
rσt (λ, t,+∞) dλ = 0
Proof of II)
Let us onsider:
d
ds
(
eiHσtsWσt (vi, s) e
iγσt (vi,∇Eσt(P),s)e−iHσts
)
ψ
(t)
i,σt =
= ieiHσtsWσt (vi, s)
(
ϕσt,vi (x, s) +
dγσt (vi,∇Eσt(P),s)
ds
)
eiγσt (vi,∇E
σt(P),s)e−iHσtsψ(t)i,σt (22)
where ϕσt,vi (x, s) ≡ g2
∫ κ1
σt
∫ cos(k·x−|k|s)
(1−k̂·vi)
dΩd |k| (23)
Derivation of (22).
The term ieiHσtsWσt (vi, s)ϕσt,vi (x, s) e
iγσt (vi,∇Eσt ,s)e−iHσts is formally obtained from:
ieiHσts
Hσt −Hmes, e−g
∫ κ1
σt
a(k)ei|k|s−a†(k)e−i|k|s
|k|(1−k̂·vi)
d3k√
2|k|
 e−iHσts = (24)
= ieiHσts
HI,σt , e−g
∫ κ1
σt
a(k)ei|k|s−a†(k)e−i|k|s
|k|(1−k̂·vi)
d3k√
2|k|
 e−iHσts =
= ieiHσts
g ∫ κ1σt (a (k) eik·x + a† (k) e−ik·x) d3k√2|k| , e−g
∫ κ1
σt
a(k)ei|k|s−a†(k)e−i|k|s
|k|(1−k̂·vi)
d3k√
2|k|
 e−iHσts =
= ieiHσtse
−g
∫ κ1
σt
a(k)ei|k|s−a†(k)e−i|k|s
|k|(1−k̂·vi)
d3k√
2|k|
g2
∫ κ1
σt
∫ cos(k·x−|k|s)
(1−k̂·vi)
dΩd |k| e−iHσts
the last step follows from:
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[
g
∫ κ1
σt
(
a (k) eik·x + a† (k) e−ik·x
)
d3k√
2|k| ,−g
∫ κ1
σt
a(k)ei|k|s−a†(k)e−i|k|s
|k|(1−k̂·vi)
d3k√
2|k|
]
=
= g2
∫ κ1
σt
∫ cos(k·x−|k|s)
(1−k̂·vi)
dΩd |k|
The formal steps are well dened in D (Hσt) from the operatorial point of view,
beause:
• Hσt , Hmes, H0 and g
∫ κ1
σt
(
a (k) eik·x + a† (k) e−ik·x
)
d3k√
2|k| have a ommon domain
D of essential selfadjointness;
• d(e
iHmesse−iHσts)
ds
is losable;
• the sequenes, obtained from the formal alulus by approximating (in the norm
‖H0ψ‖+ ‖ψ‖) the vetors in D (Hσt) with vetors in D, are onvergent.
On the other side γσt (vi,∇Eσt , s) = −
∫ s
1
{
g2
∫ τ 140
σt·τ
∫ cos(q·∇Eσt−|q|)
(1−q̂·vi)
dΩd|q|
τ
}
dτ from
whih
dγσt (vi,∇Eσt ,s)
ds
= −g2 ∫ s 140σt·s ∫ cos(q·∇Eσt−|q|)(1−q̂·vi) dΩd|q|s
dγσt
ds
(
vi,
x
s
, s
)
≡ −g2 ∫ s 140σt·s ∫ cos(q·xs−|q|)(1−q̂·vi) dΩd|q|s
I deompose ϕσt,vi (x, s) (formula (23)) in ϕ
1
σt,vi
(x, s) + ϕ2σt,vi (x, s), whih are so
dened
ϕ1σt,vi (x, s) ≡
g2
∫ s 140
s·σt
∫ cos(k·xs−|k|)
(1−k̂·vi)
dΩd|k|
s
for s ≤ σ−
40
39
t
= {
0 for s > σ
− 40
39
t
g2
∫ κ1
s
− 39
40
∫ cos(k·x−|k|s)
(1−k̂·vi)
dΩd |k| for s ≤ σ−
40
39
t
ϕ2σt,vi (x, s) ≡ ϕσt,vi (x, s)− ϕ1σt,vi (x, s) = {
ϕσt,vi (x, s) for s > σ
− 40
39
t
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The estimate of the norm of the expression (22) requires the introdution of some
funtions χ(t)vi (∇Eσt , s) dened in Appendix B. These funtions tend, for s → +∞,
to the harateristi funtions of the transformed Γi ells, under the appliation
P → ∇Eσt (P). Suh a regularization is neessary to the estimates disussed in
Appendix B. As we an see in the denition (b1) in Appendix B, an exponent δ is
introdued to whih a sale length t−
δ
6
orresponds. This sale length has to be less
than the (ǫ−dependent) linear dimension of the ell Γi in order to have onsisteny.
Analysis of the expression (22) :
ϕσt,vi (x, s) e
−iEσt (P)seiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt+
dγσt (vi,∇Eσt(P),s)
ds
e−iE
σt (P)seiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt =
= ϕσt,vi (x, s) e
−iEσt(P)seiγσt (vi,∇E
σt ,s)
(
1Γi (P)− χ(t)vi (∇Eσt (P) , s)
)
ψ
(t)
i,σt
+
(25.0)
+
dγσt (vi,∇Eσt(P),s)
ds
eiγσt (vi,∇E
σt ,s)e−iE
σt (P)s
(
1Γi (P)− χ(t)vi (∇Eσt (P) , s)
)
ψ
(t)
i,σt
+
+ϕσt,vi (x, s)
(
χ(t)vi (∇Eσt (P) , s)− χ(t)vi
(
x
s
, s
))
e−iE
σt(P)seiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
+ (25.1)
+ϕ2σt,vi (x, s)χ
(t)
vi
(
x
s
, s
)
e−iE
σt(P)seiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
+ (25.2)
+
(
ϕ1σt,vi (x, s)χ
(t)
vi
(
x
s
, s
)
+
dγσt
ds
(
vi,
x
s
, s
)
χ(t)vi
(
x
s
, s
))
e−iE
σt(P)seiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
+ (25.3)
−dγσt
ds
(
vi,
x
s
, s
) (
χ(t)vi
(
x
s
, s
)
− χ(t)vi (∇Eσt (P) , s)
)
e−iE
σt (P)seiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
+ (25.4)
+
(
−dγσt
ds
(
vi,
x
s
, s
)
+
dγσt (vi,∇Eσt(P),s)
ds
)
eiγσt (vi,∇E
σt ,s)e−iE
σt(P)sχ(t)vi (∇Eσt (P) , s)ψ(t)i,σt (25.5)
Note
As regards the funtion 1Γi (P), it is assumed that Γi
⋂
suppG 6= ∅.
The norm of eah term on the right hand side is less than
C · s−1 · s2δ− 3ǫ2 · s− 1112 · (ln σt)2
(26)
(25.0)
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• beause of lemma B1 and of lemma B3 (Observation 1) this term is bounded
by C ·
∣∣∣ ln(σt)
s
∣∣∣ · 1
s
δ
12
· t−ǫ (δ > 24ǫ);
(25.1)
• |ϕσt,vi (x, s)| ≤ C ·
∣∣∣ ln(σt)
s
∣∣∣ (Observation 1, lemma B3);∥∥∥(χ(t)vi (∇Eσt (P) , s)ψ(t)i,σt − χ(t)vi (xs , s)) e−iEσt (P)seiγσt (vi,∇Eσt ,s)ψ(t)i,σt∥∥∥ ≤
≤ C · s− 1112 · s2δ · |ln σt| · t− 3ǫ2 (see lemma B2);
(25.2)
•
∣∣∣ϕ2σt,vi (x, s)χ(t)vi (xs , s)∣∣∣ ≤ C · s−2 · s 3940 as the support of χ(t)vi (xs , s) leads to the
estimate ontained in Observation 2 , lemma B3;
(25.3)
• sine by denition of γσt (vi, . , s) we have
dγσt
ds
(
vi,
x
s
, s
)
≡ −ϕ1σt,vi (x, s), this
term is zero ;
(25.4)
• by lemma B3
∣∣∣dγσt
ds
(
vi,
x
s
, s
)∣∣∣ = ∣∣∣ϕ1σt,vi (x, s)∣∣∣ ≤ C · ∣∣∣ ln(σt)s ∣∣∣. Besides, as already
seen,
∥∥∥(χ(t)vi (∇Eσt (P) , s)ψ(t)i,σt − χ(t)vi (xs , s)) e−iEσt (P)seiγσt (vi,∇Eσt ,s)ψ(t)i,σt∥∥∥ ≤
≤ C · s− 1112 · s2δ · |ln σt| · t− 3ǫ2
(25.5)
• from Corollary B2 a bound of order s−1 · s− 1112 · s2δ · |ln σt| · t− 3ǫ2 follows
Taking into aount the estimate (26) and assuming the onstraints
• δ > 24ǫ
• 2δ + 3ǫ < 1
112
I onsider that:
|Mi,j (t)| =
∣∣∣M̂i,j (t, t)− M̂i,j (t,+∞) + M̂i,j (t,+∞)∣∣∣ = ∣∣∣M̂i,j (t, t)− M̂i,j (t,+∞)∣∣∣ ≤
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≤
∣∣∣∫+∞t dds (eiγσt (vi,∇Eσt(P),s)ψ(t)i,σt , eiHσtsWσ,i,j (s) e−iHσtseiγσt (vj ,∇Eσt(P),s)ψ(t)j,σt) ds∣∣∣ ≤
≤ ∫ +∞t 2 ∥∥∥ dds {eiHσtsWσt (vi, s) eiγσt (vi,∇Eσt(P),s)e−iHσtsψ(t)i,σt}∥∥∥ ∥∥∥ψ(t)i,σt∥∥∥ ds ≤
≤ C · t− 1112 · t2δ−3ǫ · (ln σt)2
Therefore, the sum of mixed terms is bounded by C · t− 1112 · t2δ+3ǫ · (ln σt)2 (where
σt = t
β
, β > 1, by hypothesis) whih vanishes for t→ +∞ if δ, ǫ are suh that
• δ > 24ǫ
• 2δ + 3ǫ < 1
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I will assume these onstraints in the following paragraphs.
4.2 Strong onvergene of ψG (t) for t→∞.
I will display the Cauhy property of ψG (t), by studying the norm of :
ψG (t2)− ψG (t1) =
= eiHt2
∑N(t1)
i=1
∑
l(i)Wσt2
(
vl(i), t2
)
e
iγσt2 (vl(i),∇E
σt2 (P),t2)e−iHσt2 t2ψ(t2)l(i),σt2+
(27)
−eiHt1 ∑N(t1)i=1 Wσt1 (vi, t1) eiγσt1 (vi,∇Eσt1 (P),t1)e−iHσt1 t1ψ(t1)i,σt1
Notations
- If t2 > t1 ≫ 1 and N (t2) 6= N (t1), then ∑N(t2)j=1 ≡ ∑N(t1)i=1 ∑l(i) where l (i) is
the index whih ounts the sub-ells relative to t2−partition, ontained in the ith ell
of the t1−partition. Therefore we have 1 ≤ l (i) ≤ N(t2)N(t1) ;
- adding and subtrating the same quantities, I will rewrite the expression (27) as the
sum of three ontributionsA1,A2,B.A1 is a variation of the dressing Wσt2 (vi, t2)
at xed partition (that one relative to t2), A2 is the variation of the partition, the
other variables remain xed , whileB is the variation from t2 to t1, at xed partition
(the one relative to t1).
ψG (t2)− ψG (t1) =
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= eiHt2
∑N(t1)
i=1
∑
l(i)Wσt2
(
vl(i), t2
)
e
iγσt2 (vl(i),∇E
σt2 (P),t2)e−iHσt2 t2ψ(t2)l(i),σt2+
A1
−eiHt2 ∑N(t1)i=1 ∑l(i)Wσt2 (vi, t2) eiγσt2 (vi,∇Eσt2 (P),t2)e−iHσt2 t2ψ(t2)l(i),σt2+
+eiHt2
∑N(t1)
i=1
∑
l(i)Wσt2 (vi, t2) e
iγσt2 (vi,∇E
σt2 (P),t2)e−iHσt2 t2ψ(t2)l(i),σt2+
A2
−eiHt2 ∑N(t1)i=1 Wσt2 (vi, t2) eiγσt2 (vi,∇Eσt2 (P),t2)e−iHσt2 t2ψ(t1)i,σt2+
+eiHt2
∑N(t1)
i=1 Wσt2 (vi, t2) e
iγσt2 (vi,∇E
σt2 (P),t2)e−iHσt2 t2ψ(t1)i,σt2+
B
−eiHt1 ∑N(t1)i=1 Wσt1 (vi, t1) eiγσt1 (vi,∇Eσt1 (P),t1)e−iHσt1 t1ψ(t1)i,σt1
In the following paragraphs I will study the norm A1,A2,B in terms of t1 and t2.
analysis of A1
Let us examine the square norm:
∥∥∥∥∥∥eiHσt2 t2
N(t1)∑
i=1
∑
l(i)
(
Wσt2
(
vl(i), t2
)
e
iγσt2
(vl(i),∇E
σt2 (P),t2) −Wσt2 (vi, t2) e
iγσt2
(vi,∇Eσt2 (P),t2)
)
e
−iHσt2 t2ψ(t2)
l(i),σt2
∥∥∥∥∥∥
2
=
=
N(t1)∑
i,i′=1
∑
l(i),l′(i′)
(
e
−iHσt2 t2ψ(t2)
l(i),σt2
,
(
W
†
σt2
(
vl(i), t2
)
−W †σt2 (vi, t2)
) (
Wσt2
(
vl′(i′), t2
)
−Wσt2 (vi′ , t2)
)
e
−iHσt2 t2ψ(t2)
l′(′i),σt2
)
(the phases eiγ are omitted for reasons of spae)
the sum of the terms where i′ 6= i and l′ (i) 6= l (i) vanish, for t2 → +∞. Its
rate is surely bounded (from above) by of a quantity of order t
− 1
112
2 · t2δ+3ǫ2 · (ln σt2)2
as we an estimate by the same proedure used in the norm ontrol. The remaining
terms are of this type(
e
−iHσt2 t2ψ(t2)
l(i),σt2
,
(
W †σt2
(
vl(i), t2
)−W †σt2 (vi, t2)) (Wσt2 (vl(i), t2)−Wσt2 (vi, t2)) e−iHσt2 t2ψ(t2)l(i),σt2) =
=
(
e
−iHσt2 t2ψ(t2)
l(i),σt2
,
(
2−W †σt2 (vi, t2)Wσt2
(
vl(i), t2
)−W †σt2 (vl(i), t2)Wσt2 (vi, t2)) e−iHσt2 t2ψ(t2)l(i),σt2)
For example, I examine:(
e
−iHσt2 t2ψ(t2)
l(i),σt2
, e
iγσt2 (vi,∇E
σt2 ,t2)W †σt2 (vi, t2)Wσt2
(
vl(i), t2
)
e
iγσt2 (vl(i),∇E
σt2 ,t2)e−iHσt2 t2ψ(t2)
l(i),σt2
)
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As in the ontrol of the norm, one onsiders(
e
−iHσt2 sψ(t2)l(i),σt2 , e
−iγσt2 (vi,∇E
σt2 ,s)W †σt2 (vi, s)Wσt2
(
vl(i), s
)
e
iγσt2 (vl(i),∇E
σt2 ,s)e−iHσt2 sψ(t2)l(i),σt2
)
The limit for s→ +∞ of the above expression is:
e−
Cl(i),i
2
eiγσt2
(
vl(i),∇Eσt2 (P),σ
− 4039
t2
)
ψ
(t2)
l(i),σt2
, e
iγσt2
(
vi,∇Eσt2 (P),σ
− 4039
t2
)
ψ
(t2)
l(i),σt2

where Cl(i),i =
∫ κ1
σt2
∣∣∣hl(i),i (k̂)∣∣∣2 d3k2|k|3 is bounded by C · t−ǫ1 · |ln (σt2)| .
Summing on the ells, the total error is bounded by a quantity of order
t
− 1
112
2 · t2δ2 · (ln σt2)2
Then the disussion is restrited to
N(t1)∑
i=1
∑
l(i)
(
2− e−
Cl(i),i
2 − e−
Ci,l(i)
2
)(
ψ
(t2)
l(i),σt2
, ψ
(t2)
l(i),σt2
)
that we an ontrol by
∑N(t1)
i=1
∑
l(i)
(∥∥∥ψ(t2)l(i),σt2∥∥∥2 · C · t−ǫ1 · |ln (σt2)|
)
≤ C ·t−ǫ1 ·|ln (σt2)|
analysis of A2∥∥∥∥eiHt2 ∑N(t1)i=1 ∑l(i)Wσt2 (vi, t2) eiγσt2 (vi,∇Eσt2 (P),t2)e−iHσt2 t2 [ψ(t2)l(i),σt2 − ψ(t1)i,σt2 ]
∥∥∥∥ = 0
beause ψ
(t1)
i,σt2
=
∫
Γi
G (P)ψP,σt2d
3P =
∑
l(i)
∫
Γl(i)
G (P)ψP,σt2d
3P by denition.
analysis of B
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In order to study the B term, I deompose it into ve ontributions and I esti-
mate their norms.
∑
i e
iHt2Wσt2 (vi, t2)W
b†
σt2
(vi)W
b
σt2
(vi) e
iγσt2 (vi,∇E
σt2 ,t2)W b
†
σt2
(∇Eσt2 ) e−iEσt2 t2W bσt2 (∇Eσt2 )ψ
(t1)
i,σt2
+
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt1 (vi) eiγσt1 (vi,∇Eσt1 ,t1)W b†σt1 (∇Eσt1 ) e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1 =
=
∑
i e
iHt2Wσt2 (vi, t2)W
b†
σt2
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt2 (vi,∇Eσt2 ,t2)e−iEσt2 t2W bσt2 (∇Eσt2 )ψ
(t1)
i,σt2
+
BI)
−∑i eiHt1Wσt2 (vi, t1)W b†σt2 (vi)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt2 (vi,∇Eσt2 ,t1)e−iEσt2 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2+
+
∑
i e
iHt1Wσt2 (vi, t1)W
b†
σt2
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt2 (vi,∇Eσt2 ,t1)e−iEσt2 t1W bσt2 (∇Eσt2 )ψ
(t1)
i,σt2
+
BII)
−∑i eiHt1Wσt2 (vi, t1)W b†σt2 (vi)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1+
+
∑
i e
iHt1Wσt2 (vi, t1)W
b†
σt2
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
BIII)
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1+
+
∑
i e
iHt1Wσt1 (vi, t1)W
b†
σt1
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
BIV)
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt2 (vi)W b†σt2 (∇Eσt1 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1+
+
∑
i e
iHt1Wσt1 (vi, t1)W
b†
σt1
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt1 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
BV)
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt1 (vi)W b†σt1 (∇Eσt1 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
ontrol of BI )
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The term BI) orresponds to
∑
i
{
eiHt2Wσt2 (vi, t2) e
iγσt2 (vi,∇E
σt2 ,t2)e−iE
σt2 t2ψ
(t1)
i,σt2
− eiHt1Wσt2 (vi, t1) e
iγσt2 (vi,∇E
σt2 ,t1)e−iE
σt2 t1ψ
(t1)
i,σt2
}
I estimate the ontribution of the single ell by expressing the dierene between
times t1 and t2 as the integral of its derivative. Then I estimate the norm of the
derivative:
d
ds
{
eiHsWσt2 (vi, s) e
iγσt2 (vi,∇E
σt2 ,s)e−iE
σt2 sψ
(t1)
i,σt2
}
ds =
= d
ds
{
eiHsWσt2 (vi, s) e
iγσt2 (vi,∇E
σt2 ,s)e−iE
σt2 sψ
(t1)
i,σt2
}
=
= ieiHsWσt2 (vi, s)
(
ϕσt2 ,vi (x, s) +
dγσt2 (vi,∇E
σt2 (P),s)
ds
)
e
iγσt2 (vi,∇E
σt2 ,t2)e−iE
σt2 sψ
(t1)
i,σt2
+ (28)
+ieiHsWσt2 (vi, s)
(
H −Hσt2
)
e
iγσt2 (vi,∇E
σt2 ,s)e−iE
σt2 sψ
(t1)
i,σt2
(29)
The formal steps are well dened as ψ
(t1)
i,σt2
∈ D
(
Hσt2
)
≡ D (H).
estimate of (28)
Analogously to the proof of II) in paragraph 4.1, I deompose ϕσt2 ,vi (x, s) in ϕ
1
σt2 ,vi
(x, s)+
+ϕ2σt2 ,vi (x, s), having dened:
ϕ1σt2 ,vi
(x, s) ≡ g2 ∫ s−3940σt2 ∫ cos(k·x−|k|s)(1−k̂·vi) dΩd |k|
ϕ2σt2 ,vi
(x, s) ≡ g2 ∫ κ1
s
−3940
∫ cos(k·x−|k|s)
(1−k̂·vi)
dΩd |k|
by steps analogous to the ones used in II) of paragraph 4.1, we obtain the following
estimate of the norm of the expression (28):
C · s−1 · s− 1112 · s2δ · t−
3ǫ
2
1 · (ln σt2)2
estimate of (29)
The norm of the vetor
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(
H −Hσt2
)
e
iγσt2 (vi,∇E
σt2 ,t2)ψ
(t1)
i,σt2
= eiγσt2 (vi,∇E
σt2 ,t2)g
∫ σt2
0
(
b (k) + b† (k)
)
d3k√
2|k|ψ
(t1)
i,σt2
an be estimated in the following way:∥∥∥∥g ∫ σt20 (b (k) + b† (k)) d3k√2|k|ψ(t1)i,σt2
∥∥∥∥ ≤ ∥∥∥∥g ∫ σt20 b (k) d3k√2|k|ψ(t1)i,σt2
∥∥∥∥+∥∥∥∥g ∫ σt20 b† (k) d3k√2|k|ψ(t1)i,σt2
∥∥∥∥ ≤
≤
(
g2
∫ σt2
0
d3k
2|k|
) 1
2 ·
∥∥∥ψ(t1)i,σt2∥∥∥ ≤ C · (σt2) · t− 3ǫ21
( I used the fat that b (k)ψ
(t1)
i,σt2
= 0 for k : |k| ≤ σt2)
Therefore the norm of the term BI) is bounded by a quantity of order
t
− 1
112
1 · t2δ+
3ǫ
2
1 · (ln σt2)2 + t2 · (σt2) · t
3ǫ
2
1
(remember that the onstraint 2δ + 3ǫ < 1
112
is assumed)
ontrol of BII)
The ontribution of a single ell vanishes with a rate related to the derease of
the ut-o. In fat∥∥∥∥eiγσt2 (vi,∇Eσt2 ,t1)e−iEσt2 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2 − eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥ ≤
≤
∥∥∥∥eiγσt2 (vi,∇Eσt2 ,t1)e−iEσt2 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2 − eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt2 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2
∥∥∥∥+
+
∥∥∥∥eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt2 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2 − eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2
∥∥∥∥+
+
∥∥∥∥eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2 − eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥
rst term of the sum
The module of e
iγσt2 (vi,∇E
σt2 ,t1) − eiγσt1 (vi,∇Eσt1 ,t1) an be estimated in terms of the
module of the dierene between the arguments of the exponentials:
γσt2 (vi,∇Eσt2 (P) , t1)− γσt1 (vi,∇Eσt1 (P) , t1) =
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= − ∫ t11 {g2 ∫ σLτσt1 ∫ cos(k·∇Eσt2 τ−|k|τ)−cos(k·∇Eσt1 τ−|k|τ)(1−k̂·vi) dΩd |k|
}
dτ+
− ∫ t11 {g2 ∫ σt1σt2 ∫ cos(k·∇Eσt2 τ−|k|τ)(1−k̂·vi) dΩd |k|
}
dτ =
= 2
∫ t1
1
g2
∫ σLτ
σt1
∫ sin
(
k·(∇Eσt2−∇Eσt1 )τ
2
)
sin
(
k·(∇Eσt2 +∇Eσt1 )τ−2|k|τ
2
)
(1−k̂·vi)
dΩd |k|
 dτ+
− ∫ t11 {g2 ∫ σt1σt2 ∫ cos(k·∇Eσt2 τ−|k|τ)(1−k̂·vi) dΩd |k|
}
dτ
then∣∣∣γσt2 (vi,∇Eσt2 (P) , t1)− γσt1 (vi,∇Eσt1 (P) , t1)∣∣∣ ≤
≤ C · |∇Eσt2 (P)−∇Eσt1 (P)| · ∫ t11 (σLτ )2 · τdτ + C · t1 · σt1 ≤
≤ C · (σt1)
1
4
∫ t1
1 τ
− 19
20dτ + C · t1 · σt1
(the bound of the module ∇Eσt2P − ∇Eσt1P omes substantially from lemma A2,
σt1 = t
−β
1 where β > 1, by hypothesis).
Then we have a bound by a quantity of order t1 · (σt1)
1
4
.
seond term of the sum
Taking in aount the iterative proedure, the module
∣∣∣e−iEσt2 t1 − e−iEσt1 t1 ∣∣∣ is bounded
by a quantity of order (σt1) · t1
third term of the sum∥∥∥∥eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt2 (∇Eσt2 )ψ(t1)i,σt2 − eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥ =
=
∥∥∥∫Γi G (P)W bσt2 (∇Eσt2 (P))ψP,σt2d3P − ∫Γi G (P)W bσt1 (∇Eσt1 (P))ψP,σt1d3P ∥∥∥ ≤
≤ C · (σt1)
1
8 · t−
3ǫ
2
1 (see theorem 3.2).
Therefore the norm of BII) is surely bounded by:
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C · t
3ǫ
2
+1
1 · (σt1)
1
8
ontrol of BIII)
∑
i e
iHt1Wσt2 (vi, t1)W
b†
σt2
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
Having dened ϕi = W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
the III) is written as:
∑
i
eiHt1
(
Wσt2 (vi, t1)W
b†
σt2
(vi)−Wσt1 (vi, t1)W b
†
σt1
(vi)
)
ϕi
I restrit the analysis to the single ell. For this purpose I examine
Wσt2 (vi, t1)W
b†
σt2
(vi)−Wσt1 (vi, t1)W b
†
σt1
(vi) =
= W b
†
κ1
(vi) e
−g
∫ κ1
σt2
a(k)(ei|k|t1−eik·x)−a†(k)(e−i|k|t1−e−ik·x)
|k|(1−k̂·vi)
d3k√
2|k|−W b†κ1 (vi) e
−g
∫ κ1
σt1
a(k)(ei|k|t1−eik·x)−c.c.
|k|(1−k̂·vi)
d3k√
2|k|
= Wσt1 (vi, t1)W
b†
σt1
(vi)
e−g
∫ σt1
σt2
a(k)(ei|k|t1−eik·x)−a†(k)(e−i|k|t1−e−ik·x)
|k|(1−k̂·vi)
d3k√
2|k| − 1

On the vetors belonging to the domain of the generator of the exponential we have
e
−g
∫ σt1
σt2
a(k)(ei|k|t1−eik·x)−a†(k)(e−i|k|t1−e−ik·x)
|k|(1−k̂·vi)
d3k√
2|k| − 1 =
= − ∫ 10 e−gλ
∫ σt1
σt2
a(k)(ei|k|t1−eik·x)−a†(k)(e−i|k|t1−e−ik·x)
|k|(1−k̂·vi)
d3k√
2|k|
dλ·g ∫ σt1σt2 a(k)(ei|k|t1−eik·x)−c.c.|k|(1−k̂·vi) d3k√2|k|
Sine the vetor ϕi belongs to the domain of the generator, the following bound holds
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∥∥∥∥g ∫ σt1σt2 a(k)(ei|k|t1−eik·x)−c.c.|k|(1−k̂·vi) d3k√2|k|ϕi
∥∥∥∥ ≤ ∥∥∥∥g ∫ σt1σt2 a(k)(ei|k|t1−eik·x)|k|(1−k̂·vi) d3k√2|k|ϕi
∥∥∥∥+
+
∥∥∥∥g ∫ σt1σt2 a†(k)(e−i|k|t1−e−ik·x)|k|(1−k̂·vi) d3k√2|k|ϕi
∥∥∥∥ ≤
≤ 2
∥∥∥∥g ∫ σt1σt2 b(k)(ei|k|t1−ik·x−1)|k|(1−k̂·vi) d3k√2|k|ϕi
∥∥∥∥+
(
ϕi, g
2
∫ σt1
σt2
|ei|k|t1−eik·x|2
2|k|3(1−k̂·vi)
2 d
3kϕi
) 1
2
Analysis of
∥∥∥∥g ∫ σt1σt2 b(k)(ei|k|t1−ik·x−1)|k|(1−k̂·vi) d3k√2|k|ϕi
∥∥∥∥.
1) the expression b (k)W bσt2 (vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
is a well dened vetor in H and it is strongly ontinuos in k. Therefore:∥∥∥∥∫ σt1σt2 b(k)(ei|k|t1−ik·x−1)|k|(1−k̂·vi) d3k√2|k|W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥ ≤
≤ ∫ σt1
σt2
∣∣1−k̂·vi∣∣−1
|k| 32√2
∥∥∥b (k) (ei|k|t1e−ik·x − 1)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1∥∥∥ d3k
2) estimate of∥∥∥∥b (k) (ei|k|t1e−ik·x − 1)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥
⇔
1) In distributional sense, the following equality is valid:
b (k)W bσt2 (vi)W
b†
σt2
(∇Eσt2 (P)) = W bσt2 (vi)W b
†
σt2
(∇Eσt2 (P)) (b (k) + f (k,vi,P))
where f (k,vi,P) = −
gχκσt2
(k)
|k| 32 (1−k̂·vi)
+
gχκσt2
(k)
|k| 32 (1−k̂·∇Eσt2 (P))
( χκσt2
harateristi funtion of the set {k : σt2 ≤ |k| ≤ κ});
moreover, being |k| ≤ σt1 , b (k)W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
= 0
Therefore for k suh that |k| ≤ σt1
b (k)W bσt2 (vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
=
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= f (k,vi,P)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
.
The strong ontinuity in k , σt2 ≤ |k| ≤ σt1 , omes from the ontinuity of the
funtion f (k,vi,P).
2) Estimate of∥∥∥∥b (k) (ei|k|t1e−ik·x − 1)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥
Starting from the identity:
ei|k|t1W bσt2 (vi)W
b†
σt2
(∇Eσt2P+k) eiγσt1 (vi,∇Eσt1P+k,t1)e−iEσt1P+kt1f (k,vi,P+ k) e−ik·xW bσt1 (∇Eσt1P )ψ(t1)i,σt1+
−W bσt2 (vi)W b
†
σt2
(∇Eσt2 (P)) eiγσt1 (vi,∇Eσt1 (P),t1)e−iE
σt1
P
t1f (k,vi,P)W
b
σt1
(∇Eσt1 (P))ψ(t1)i,σt1 =
= ei|k|t1W bσt2 (vi)W
b†
σt2
(∇Eσt2P+k) eiγσt1 (vi,∇Eσt1P+k,t1)e−iEσt1P+kt1f (k,vi,P+ k) e−ik·xW bσt1 (∇Eσt1 (P))ψ(t1)i,σt1+
(30)
−W bσt2 (vi)W b
†
σt2
(∇Eσt2 (P)) eiγσt1 (vi,∇Eσt1 (P),t1)e−iEσt1 (P)t1f (k,vi,P) e−ik·xW bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
+W bσt2 (vi)W
b†
σt2
(∇Eσt2 (P)) eiγσt1 (vi,∇Eσt1 (P),t1)e−iEσt1 (P)t1f (k,vi,P) e−ik·xW bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
(31)
−W bσt2 (vi)W b
†
σt2
(∇Eσt2 (P)) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 (P)t1f (k,vi,P)W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
I estimate the expression (30) and the expression (31).
Estimate of (30)
Considering that:
1.
∥∥∥(W b†σt2 (∇Eσt2P+k)−W b†σt2 (∇Eσt2P )) f (k,vi,P+ k) e−ik·xW bσt1 (∇Eσt1P )ψ(t1)i,σt1∥∥∥ ≤
≤ C · (ln (σt2) · ln (σt1))
1
2 · t−
3ǫ
2
1 · |k|
1
16 · |k|− 32 (it is proved starting from an es-
timate analogous to the (b4) in lemma B2 and from the fat that |k| ≤ σt1 ≪ 1);
2.
∣∣∣∣eiγσt1 (vi,∇Eσt1 (P+k),t1) − eiγσt1 (vi,∇Eσt1 (P),t1)∣∣∣∣ ≤ C · |k| 116 · t 1201
by omparing the arguments of the exponentials as in the disussion of BII);
81
3.
∣∣∣ei|k|t1 − 1∣∣∣ < 2t1 · |k|
4. |f (k,vi,P)− f (k,vi,P+ k)| ≤ C · |k|
1
16
|k| 32
5.
∣∣∣e−iEσt1 (P+k)t1 − e−iEσt1 (P)t1 ∣∣∣ ≤ C · |k| 116 · t1
being |k| ≤ σt1 ≪ 1, one an onlude that (30) is bounded by
C · |k| 116 · |k|− 32 · t1 · t−
3ǫ
2
1 · |ln σt2 |
Estimate of (31)
The norm of the expression (31) is equal to∥∥∥e−ik·xW bσt1 (∇Eσt1 )ψ(t1)i,σt1 −W bσt1 (∇Eσt1 )ψ(t1)i,σt1∥∥∥ =
=
∥∥∥e−ik·x ∫Γi G (P)W bσt1 (∇Eσt1 (P))ψP,σt1d3P − ∫Γi G (P)W bσt1 (∇Eσt1 (P))ψP,σt1d3P ∥∥∥
I observe that e−ik·xW bσt1 (∇Eσt1 (P))ψP,σt1 ∈ HP−k and that the following equality
holds in F b:
IP−k
(
e−ik·xW bσt1 (∇E
σt1 (P))ψP,σt1
)
= IP
(
W bσt1
(∇Eσt1 (P))ψP,σt1
)
Then
e−ik·x
∫
Γi
G (P)W bσt1 (∇Eσt1 (P))ψP,σt1d3P −
∫
Γi
G (P)W bσt1 (∇Eσt1 (P))ψP,σt1d3P =
=
∫
Γi
G (P) e−ik·x
{
W bσt1
(∇Eσt1 (P))ψP,σt1
}
d3P−∫Γi G (P)W bσt1 (∇Eσt1 (P− k))ψP−k,σt1d3P+
(32.1)
+
∫
Γi
G (P)W bσt1 (∇Eσt1 (P− k))ψP−k,σt1d3P−
∫
Γi
G (P− k)W bσt1 (∇Eσt1 (P− k))ψP−k,σt1d3P+
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(32.2)
+
∫
Γi
G (P− k)W bσt1 (∇Eσt1 (P− k))ψP−k,σt1d3P−
∫
Γi
G (P)W bσt1 (∇Eσt1 (P))ψP,σt1d3P
(32.3)
The term (32.1) an be estimated starting from∥∥∥IP−k (e−ik·x {W bσt1 (∇Eσt1 (P))ψP,σt1})− IP−k (W bσt1 (∇Eσt1 (P− k))ψP−k,σt1)∥∥∥F
and then it is norm bounded by C · |k| 132 · t−
3ǫ
2
1 , for theorem 3.4.
Being G ∈ C10 (R3 \ 0), the norm of the term (32.2) is bounded by C · |k| · t−
3ǫ
2
1 .
After having estimated a volume dierene, the norm of the term (32.3) is bounded
by a quantity of order |k| 12 · t−ǫ1 .
In onlusion the norm of the (31) is bounded by C · |k| 132 · t−ǫ1 ( |k| ≪ 1).
Then
∥∥∥∥g ∫ σt1σt2 b(k)(ei|k|t1−ik·x−1)|k|(1−k̂·vi) d3k√2|k|ϕi
∥∥∥∥ ≤ C · t1 · t−ǫ1 · |ln σt2 | · ∫ σt10 |k| 132|k| d |k| =
= C · t1 · t−ǫ1 · |ln σt2 | · (σt1)
1
32
Note
By the same steps, one obtains that
∥∥∥∥(ei|k|t1e−ik·x − 1)W bσt2 (vi)W b†σt2 (∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
∥∥∥∥
is bounded by a quantity of order |k| 132 · t1 · t−ǫ1 · |ln σt2 |.
Analysis of
(
ϕi, g
2
∫ σt1
σt2
|ei|k|t1−eik·x|2
2|k|3(1−k̂·vi)
2d
3kϕi
) 1
2
Note that
∣∣∣ei|k|t1 − eik·x∣∣∣2 = 2 − e−i|k|t1eik·x − ei|k|t1e−ik·x. Taking into aount the
result of the previous note, we have that:
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(
ϕi, g
2
∫ σt1
σt2
|ei|k|t1−eik·x|2
2|k|3(1−k̂·vi)
2 d
3kϕi
) 1
2
≤ C · t
1
2
1 · t−
5ǫ
4
1 · (|lnσt2 |)
1
2 · (σt1)
1
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Therefore the norm of the term BIII) is surely bounded by a quantity of order:
t1 · t2ǫ1 · |ln σt2 | · (σt1)
1
64
ontrol of BIV)
∑
i e
iHt1Wσt1 (vi, t1)W
b†
σt1
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt2 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt2 (vi)W b†σt2 (∇Eσt1 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1
For a single ell∥∥∥(W b†σt2 (∇Eσt2 )−W b†σt2 (∇Eσt1 ))W bσt1 (∇Eσt1 )ψ(t1)i,σt1∥∥∥ ≤ C · (σt1) 14 · |ln σt2 | · t− 3ǫ21 ;
therefore the norm of BIV) is bounded by C · t
3ǫ
2
1 · (σt1)
1
4 · |ln σt2 |
ontrol of BV)
∑
i e
iHt1Wσt1 (vi, t1)W
b†
σt1
(vi)W
b
σt2
(vi)W
b†
σt2
(∇Eσt1 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ
(t1)
i,σt1
+
−∑i eiHt1Wσt1 (vi, t1)W b†σt1 (vi)W bσt1 (vi)W b†σt1 (∇Eσt1 ) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1W bσt1 (∇Eσt1 )ψ(t1)i,σt1 =
=
∑
i e
iHt1Wσt1 (vi, t1)W
b |σt1σt2 (vi)W b
† |σt1σt2 (∇Eσt1 ) eiγσt1 (vi,∇E
σt1 ,t1)e−iE
σt1 t1ψ
(t1)
i,σt1
+
−∑i eiHt1Wσt1 (vi, t1) eiγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1ψ(t1)i,σt1 =
=
∑
i e
iHt1Wσt1 (vi, t1)
(
W b |σt1σt2 (vi)W b
† |σt1σt2 (∇Eσt1 )− 1
)
e
iγσt1 (vi,∇Eσt1 ,t1)e−iEσt1 t1ψ(t1)i,σt1
with the denitions
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• W b |σt1σt2 (vi) ≡W b
†
σt1
(vi)W
b
σt2
(vi) = e
g
∫ κ
σt1
b(k)−b†(k)
|k|(1−k̂·vi)
d3k√
2|k|
e
−g
∫ κ
σt2
b(k)−b†(k)
|k|(1−k̂·vi)
d3k√
2|k|
=
= e
−g
∫ σt1
σt2
b(k)−b†(k)
|k|(1−k̂·vi)
d3k√
2|k|
• W b† |σt2σt1 (∇Eσt1 ) ≡W b
†
σt2
(∇Eσt1 )W bσt1 (∇Eσt1 ) = e
g
∫ σt1
σt2
b(k)−b†(k)
|k|(1−k̂·∇Eσt1 )
d3k√
2|k|
The disussion of this ontribution requires the study of the squared norm and the
ontrol of mixed terms in the salar produt. In order to do it I will verify that the
sum of the mixed terms vanishes and I will determine the rate. Then I will examine
the diagonals terms.
mixed terms
As in par.4.1 Control of the norm.. , I will onsider the generi i-j term. I ob-
serve that it is possible to reply the same proedure sine the operators, obtained from
derivation with respet to the parameter λ, ommute with
(
W b |σt1σt2 (vi)W b
† |σt1σt2 (∇Eσt1 )− 1
)
.
Then the result is analogous: the sum of the modules of the mixed terms is bounded
by C · t−
1
112
1 · t2δ+3ǫ1 · (ln σt1)2 .
diagonal terms
Considering that:
• the norm
∥∥∥(W b |σt1σt2 (vi)W b |σt1σt2 (∇Eσt1 (P))− 1)ψ(t1)i,σt1∥∥∥ an be estimated by a
quantity of order supP∈Γi |vi −∇Eσt1 (P)| · (|ln σt2 |)
1
2 · t−
3ǫ
2
1
• supP∈Γi |vi −∇Eσt1 (P)| ≤ supP∈Γi
∣∣∣∇Eσt1 (P)−∇Eσt1 (Pi)∣∣∣ ≤
≤ C · supP∈Γi
∣∣∣P−Pi∣∣∣ 116 ≤ C · t− ǫ161 (for the last step, see lemma 3.3)
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the sum of the diagonal terms gives a ontribution bounded by
C · t−
ǫ
32
1 · (ln (σt2))
1
4
Therefore it follows that the norm of the term BV) is bounded by
C ·max
(
t
− ǫ
32
1 ,
(
t
− 1
112
1 · t2δ+3ǫ1
) 1
2
)
· |ln σt2 |
Theorem 4.1
The vetor ψG (t) onverges strongly, for t → +∞, with an error of order 1tρ where
ρ > 0 is a properly small oeient.
Proof
We look at the bounds obtained for the norms of A1, A2 and B
A1) C ·
{(
t−ǫ1 · |ln σt2 |
)
+ t
− 1
112
2 · t2δ+3ǫ2 · (ln σt2)2
} 1
2
A2) 0
BI) C · t−
1
112
1 · t2δ+
3ǫ
2
1 · (ln σt2)2 + C · t2 · (σt2) · t
3ǫ
2
1
BII) C · t
3ǫ
2
1 · t1 · (σt1)
1
8
BIII) C · t1 · t2ǫ1 · |ln σt2 | · (σt1)
1
64
BIV) C · t
3ǫ
2
1 · (σt1)
1
4 · |ln σt2 |
BV) C ·max
(
t
− ǫ
32
1 ,
(
t
− 1
112
1 · t2δ+3ǫ1
) 1
2
)
· |ln σt2 |
where we have tuned the time sales related to ǫ e δ in aordane to the onstraints
• 24ǫ < δ .
• 2δ + 3ǫ < 1
112
86
and we have hosen, for example, σt = t
−128
. Thus we an observe that the time t2
appears in the numerators only in ln (σt2) and that we an estimate
‖ψG (t2)− ψG (t1)‖ < C
M
·
(
ln (t2)
t
3ρ
1
)2
where ρ > 0 e C
M
> 0 are independent of t1e t2(for t2 ≥ t1 > t≫ 1).
Now, let us onsider the sequene t1, t
2
1, t
3
1, .....t
n
1 , .... and put t
n
1 ≤ t2 < tn+11 . Due to
the norm properties, it follows that:
‖ψG (t2)− ψG (t1)‖ ≤ ‖ψG (t21)− ψG (t1)‖+‖ψG (t31)− ψG (t21)‖+.....+‖ψG (t2)− ψG (tn1 )‖ ≤
≤ C
M
·
{(
2 ln(t1)
t
3ρ
1
)2
+
(
3 ln(t1)
t
2·3ρ
1
)2
+
(
4 ln(t1)
t
3·3ρ
1
)2
+ ....... +
(
(n+1) ln(t1)
t
n·3ρ
1
)2}
=
≤ C
M ·tρ1 ·
{(
2
t
ρ
1
· ln(t1)
t
ρ
1
)2
+
(
3
t
2ρ
1
· ln(t1)
t
ρ
1
)2
+
(
4
t
3ρ
1
· ln(t1)
t
ρ
1
)2
+ .......+
(
n+1
t
nρ
1
· ln(t1)
t
ρ
1
)2}
For t1 suiently large t1 ≥ t̂1 > t ≫ 1 the sequene inside the brakets is on-
vergent, and it is limited by a onstant M .
I an onlude that ∀t1, t2 where t2 ≥ t1 ≥ t̂1
‖ψG (t2)− ψG (t1)‖ ≤ C
t
ρ
1
5 Sattering subspaes and asymptoti observables.
In this hapter I begin by onstruting the subspae H
1out(in)
as the norm losure
of the nite linear ombinations of the vetors ψ
out(in)
G . The invariane requirement
under spae -time translations for the spae H
1out(in)
implies a more general denition
of the vetor ψ
out(in)
G . Therefore it will be labelled as a ψ
out(in)
G,κ1,τ,a
. It orresponds to
the evolution of ψ
out(in)
G in the time τ and to the translation of a quantity a.
I will verify that on H
1out(in)≡ ∨ψout(in)G,κ1,τ,a the strong limits of the funtions, ontin-
uous and of ompat support, of nuleon mean veloity and the strong limits of the
L.S.Z. Weyl operator assoiated to the meson eld exist. Due to these results, we an
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dene the vetors ψ
out(in)
G,ϕ (omitting κ1, τ, a) obtained by applying the L.S.Z. Weyl
operators, with smearing funtion ϕ, to the total set of H1out(in). The norm losure
of nite linear ombinations of the ψ
out(in)
G,ϕ is a reasonable andidate for the satter-
ing subspaes H
out(in)
. The meaning of this denition is in the haraterization of
the H
out(in)
states, in terms of quantum numbers of the asymptoti variables whih
are dened on them: the asymptoti meson Weyl operators and the asymptoti nu-
leon mean veloity.
The spetral restrition on nuleon veloity (stritly less than 1) and the onse-
quent restrition of H
out(in)
as subspaes of H are in aordane with the partial
non-relativisti harater of the model.
In theorem 5.1 the vetors ψ
out(in)
G,ϕ are onstruted. In theorem 5.2 we prove the on-
vergene of ontinuous and of ompat support funtions of nuleon mean veloity on
the vetors of H
out(in)
. The orollary 5.3 is a hek of the fat that the strong limits
on H
out(in)
of the L.S.Z. Weyl operators generate a anoni Weyl algebra Aout(in) , to
whih a free massless salar eld is assoiated .
Denition of the vetor ψ
out(in)
Gτ ,κ1,τ,a
.
I apply e−ia·Pe−iHτ to the generi vetor ψoutG , onstruted in the paragraphs 4.1,4.2,:
e−ia·Pe−iHτψoutG =
= s−limt→+∞ e−ia·Pe−iHτeiHt∑N(t)i=1 Wσt (vi, t) eiγσt (vi,∇Eσt(P),t)e−iEσt (t−τ)e−iEσtτψ(t)i,σt =
= s−limt→+∞ eiHt
∑N(t)
i=1
e
−g
∫
κ1
σt+τ
a(k)eik·aei|k|(t+τ)−c.c.
|k|
(
1−k̂·vi
) d3k√
2|k|
e
iγσt+τ (vi,∇E
σt+τ (P),t+τ)e−ia·Pe−iE
σt+τ te−iE
σt+τ τψ
(t+τ)
i,σt+τ
The limit exists and the proof is similar to the one given for ψoutG , apart from some
little marginal dierenes. Then I dene
ψ
out(in)
G,κ1,τ,a
≡ e−ia·Pe−iHτψout(in)G
The subspae of minimal asymptoti nuleon states is H
1out(in)≡ ∨ψout(in)G,κ1,τ,a. Later
on I will simply all
{
ψ
out(in)
G
}
the total set that generates H
1out(in)
.
Theorem 5.1
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The strong limits
s− limt→+∞eiHtei(a(ϕt)+a†(ϕt))e−iHtψoutG ≡ ψoutG,ϕ
exist,where ϕ˜ (k) ∈ C∞0 (R3 \ 0), ϕt (y) =
∫
e−iky+i|k|tϕ˜ (k) d3k and
a† (ϕ) ≡ (a (ϕ))† = (∫ a (k) ϕ˜ (k) d3k)†
Proof
The onvergene follows from the integrability of the norm∥∥∥∥∥∥∥∥
d
(
eiHte
i(a(ϕt)+a†(ϕt))
e−iHt
)
dt
ψoutG
∥∥∥∥∥∥∥∥ =
=
∥∥∥∥ei(a(ϕt)+a†(ϕt))ϕ (x, t) e−iHtψoutG ∥∥∥∥ ≤
≤
∥∥∥∥ei(a(ϕt)+a†(ϕt))ϕ (x, t) e−iHtψoutG − ei(a(ϕt)+a†(ϕt))ϕ (x, t) e−iHtψG (t)∥∥∥∥+
+
∥∥∥∥ei(a(ϕt)+a†(ϕt))ϕ (x, t) e−iHtψG (t)∥∥∥∥ ≤
≤
∥∥∥ϕ (x, t) e−iHt (ψoutG − ψG (t))∥∥∥+ ∥∥∥ϕ (x, t) e−iHtψG (t)∥∥∥
where ϕ (x, t) ≡ −ig ∫ (ϕ˜ (k) ei|k|t−ik·x + ϕ˜ (k) e−i|k|t+ik·x) d3k√
2|k|
Both norms on the right hand side are bounded by quantities of order
1
t1+ρ
′ , ρ′ > 0:
• the rst one beause supx |ϕ (x, t)| ≤ Mt and ‖(ψoutG − ψG (t))‖ ≤ Ctρ (M and
C are onstants)
• as regards the seond one, starting from the identity:
ϕ (x, t) e−iHtψG (t) = ϕ (x, t)
∑N(t)
i=1 Wσt (vi, t) e
iγσt (vi,∇Eσt(P),t)e−iE
σttψ
(t)
i,σt =
=
∑N(t)
i=1 Wσt (vi, t)ϕ (x, t) e
iγσt (vi,∇Eσt(P),t)e−iE
σtt
∫
Γi
G (P)ψP,σtd
3P =
89
=
∑N(t)
i=1 Wσt (vi, t)ϕ (x, t)
(
1Γi (P)− χ(t)vi (∇Eσt , t)
)
eiγσt (vi,∇E
σt(P),t)e−iE
σt t
∫
Γi
G (P)ψP,σtd
3P+
(33.1)
+
∑N(t)
i=1 Wσt (vi, t)ϕ (x, t)
(
χ(t)vi (∇Eσt , t)− χ(t)vi
(
x
t
, t
))
eiγσt (vi,∇E
σt(P),t)e−iE
σtt
∫
Γi
G (P)ψP,σtd
3P+
(33.2)
+
∑N(t)
i=1 Wσt (vi, t)ϕ (x, t)χ
(t)
vi
(
x
t
, t
)
eiγσt (vi,∇E
σt(P),t)e−iE
σtt
∫
Γi
G (P)ψP,σtd
3P
(33.3)
I exploit lemma B1 for 33.1, lemma B2 for 33.2, and Huygens priniple in order
to estimate supx
∣∣∣ϕ (x, t)χ(t)vi (xt , t)∣∣∣ in the expression (33.3).
The sattering subspaes H
out(in) ≡ ∨ψout(in)G,ϕ are invariant under spae-time transla-
tions beause the subspaes H
1out(in)
are invariant.
Theorem 5.2
The nuleon mean veloity funtions f , whih are ontinuous and of ompat sup-
port, have asymptotially strong limits H
out
; in partiular:
s− limt→+∞eiHtf
(
x
t
)
e−iHtψoutG,ϕ = ψ
out
G·f̂ ,ϕ where f̂ (P) ≡ limσ→0f (∇Eσ (P))
Proof
It is suient to prove it on the vetors ψoutG,ϕ for funtions f ∈ C∞0 (R3). Ex-
ploiting theorem 5.1 and the uniform boundedness in t of the operators f
(
x
t
)
and
eiHtei(a(ϕt)+a
†(ϕt))e−iHt we obtain
s− limt→+∞eiHtf
(
x
t
)
e−iHtψoutG,ϕ = s− limt→+∞eiHtf
(
x
t
)
ei(a(ϕt)+a
†(ϕt))e−iHtψoutG =
= s− limt→+∞eiHtei(a(ϕt)+a†(ϕt))f
(
x
t
)
e−iHtψoutG =
= s− limt→+∞eiHtei(a(ϕt)+a†(ϕt))e−iHtψout
G·f̂
(the last step is proved by the tehnique used in lemma B2)
The extension to all of H
out
is automati sine f
(
x
t
)
is uniformly bounded in t
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and moreover the set
∨
ψoutG,ϕ is a dense set in H
out
, by onstrution of H
out
.
Corollary 5.3
In the spae H
out
, the asymptoti meson algebraAout is dened as the norm losure of
the *algebra generated by the set of unitary operators {W out (µ) : µ˜ ∈ C∞0 (R3 \ 0)}
onstruted in H
out
as follows:
W out (µ) = s− lim
t→+∞ e
iHtei(a(µt)+a
†(µt))e−iHt
(34)
The following properties hold:
1) the generators {W out (µ) : µ˜ ∈ C∞0 (R3 \ 0)} satisfy the Weyl ommutation rules
W out (µ)W out (η) = W out (η)W out (µ) e−h(µ,η) where h (µ, η) = 2iIm
∫
µ˜ (k) η˜ (k) d3k;
2) for eah xed region R3 \ Oa where Oa is a ball of radius a 6= 0 , entered in
the origin of R3, the group of the operators W out (µ), where µ˜ ∈ C∞0 (R3 \Oa), is
strongly ontinuous with respet to µ˜ in the L2 (R3 \Oa, d3k) norm;
3) given the τ -evolved generators:
W outτ (µ) = s− limt→+∞ eiH(t+τ)ei(a(µt)+a
†(µt))e−iH(t+τ) = W out (µ−τ ) (35)
it is uniquely dened an automorphism ατ of Aout starting from ατ (W out (µ)) =
= W out (µ−τ). Therefore, being µ−τ the test funtion µ free evolved in the time τ ,
we an onlude that Aout is the Weyl algebra assoiated to the salar massless eld.
4) the algebra Aout ommutes with the asymptoti nuleon mean veloity dened
through theorem 5.2.
⇔
Proof
The existene of s − limt→+∞ eiHtei(a(µt)+a†(µt))e−iHtψoutG,ϕ is substantially the on-
tents of theorem 5.1. The bounded operators W out (µ), dened on the dense set
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{∨
ψoutG,ϕ
}
of H
out
, an be linearly extended to all of H
out
by ontinuity. They leave
the spae H
out
invariant and they are unitary in H
out
.
1) On the vetors in H
out
, W out (µ)W out (η) is the limit of the produt of the ap-
proximating vetors (34), at the same time t. The last ones satisfy the property by
onstrution. Therefore, the property is satised in the limit.
2) It is suient to prove that W out (µ) is strongly ontinuous with respet to µ˜
if it is applied to the total set
{
ψoutG,ϕ
}
:
- W out (µ)ψoutG,ϕ = s− limt→+∞ eiHtei(a(µt)+a
†(µt))e−iHtψG,ϕ (t) ;
- at xed t, the vetor ei(a(µt)+a
†(µt))e−iHtψG,ϕ (t) is strongly ontinuous with respet
to µ˜ ∈ C∞0 (R3 \Oa) . This is due to the fat that
ei(a(µt)+a
†(µt))∑N(t)
i=1 Wσt (vi, t) e
iγσt (vi,∇Eσt(P),t)e−iE
σttψ
(t)
i,σt
=
=
∑N(t)
i=1 Wσt (vi, t) e
i(a(µt)+a†(µt))e−h(µt,ξvi)eiγσt (vi,∇E
σt(P),t)e−iE
σt tψ
(t)
i,σt
where ξvi ≡ −ig χ
κ1
σt√
2|k| 32 (1−k̂·vi)
and beause ψ
(t)
i,σt
is in the domain of the generator
of ei(a(µt)+a
†(µt))
. Being µ˜t ∈ C∞0 (R3 \Oa) and ‖µ˜t‖L2(R3\Oa,d3k) = ‖µ˜‖L2(R3\Oa,d3k),
the vetor is strongly ontinuous (with respet to µ˜) uniformly in t.
Sine ‖W out (µ)‖ = 1 , the property holds for eah vetor in Hout.
3) The τ -evolved generators eiHτW out (µ) e−iHτ are well dened beause e−iHτ :Hout→Hout.
By inserting the expression (34) for W out (µ), we arrive at the (35). The Weyl om-
mutation rules are onserved by ατ sine
h (µ−τ , η−τ ) = 2iIm
∫
µ˜ (k) η˜ (k) d3k = h (µ, η)
4) Suh a property is impliit in the onstrution of the asymptoti nuleon mean
veloity (theorem 5.2).
⇐⇒
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APPENDIX A
Preliminary remarks to the lemma A1
Like in lemma 1.4, it will be proved that the operator (∆HwP)
ǫ
j+1
2
ǫ
j+2
2
≡
≡ Ĥw
P,ǫ
j+2
2
+ cP (j + 1)− ĉP (j + 2)−Hw
P,ǫ
j+1
2
ψ
out(in)
G is small of order 1 with respet
to Hw
P,ǫ
j+1
2
|F+
ǫ
j+2
2
in a generalized sense for g suiently small. We aim at expanding
the resolvent
1
Ĥw
P,ǫ
j+2
2
− (E (j + 1) + ĉP (j + 2)− cP (j + 1))
|F+
ǫ
j+2
2
(E (j + 1) ∈ C s.t.
∣∣∣∣E (j + 1)− Eǫ j+12P ∣∣∣∣ = 11ǫ j+2220 , ĉP (j + 2)−cP (j + 1) = −g2 ∫ ǫ j+12ǫ j+22 1
2|k|2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k)
in terms of
1
Hw
ǫ
j+1
2
−E(j+1) |F+
ǫ
j+2
2
and (∆HwP)
ǫ
j+1
2
ǫ
j+2
2
.
I will only treat the ase P = 0, where the dierene operator is written (∆Hw)ǫ
j+1
2
ǫ
j+2
2
≡
≡ Hw
ǫ
j+2
2
+ c (j + 1)− c (j + 2)−Hw
ǫ
j+1
2
.
In the ase P 6= 0 the steps are analogous and well dened sine the module of
∇Eσ (P) is uniformly bounded in σ by a positive onstant less than 1, for P ∈ Σ
(see lemma A2).
Lemma A1
Given the spetral properties in the beginning of paragraph 2.1, (∆Hw)ǫ
j+1
2
ǫ
j+2
2
|F+
ǫ
j+2
2
is
small with respet to Hw
ǫ
j+1
2
for values of g less than a proper g and P ∈ Σ, in the
following sense:
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given E (j + 1) ∈ C s.t.
∣∣∣∣E (j + 1)− Eǫ j+12 ∣∣∣∣ = 11ǫ j+2220 ,
1
Hw
ǫ
j+2
2
−(E(j+1)+c(j+2)−c(j+1)) |F+
ǫ
j+2
2
=
= 1
Hw
ǫ
j+1
2
+(∆Hw)ǫ
j+1
2
ǫ
j+2
2
−c(j+1)+c(j+2)−(E(j+1)−c(j+1)+c(j+2))
|F+
ǫ
j+2
2
=
= 1
Hw
ǫ
j+1
2
+(∆Hw)ǫ
j+1
2
ǫ
j+2
2
−E(j+1)
|F+
ǫ
j+2
2
=
= 1
Hw
ǫ
j+1
2
−E(j+1) |F+
ǫ
j+2
2
+ 1
Hw
ǫ
j+1
2
−E(j+1)
∑+∞
n=1
− (∆Hw)ǫ j+12
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1)
n |F+
ǫ
j+2
2
where
•
∥∥∥∥∥∥ 1Hw
ǫ
j+1
2
−E(j+1)
− (∆Hw)ǫ j+12
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1)
n∥∥∥∥∥∥
F+
ǫ
j+2
2
≤ 20(C(g,m))n
ǫ
j+2
2
• 0 < C (g,m) < 1
12
.
Proof
Like in lemma 1.4 we an state
1
Hw
ǫ
j+1
2
−E(j+1)
− (∆Hw)ǫ j+12
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1)
n =
= (−1)n 1
Hw
ǫ
j+1
2
−E(j+1) (∆H
w)ǫ
j+1
2
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1) ....................... (∆H
w)ǫ
j+1
2
ǫ
j+2
2
1
Hw
ǫ
j+1
2
−E(j+1) =
= (−1)n
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ....
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (∆Hw)ǫ j+12
ǫ
j+2
2
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ....
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
Study of the norm of
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 (∆Hw)ǫ j+12
ǫ
j+2
2
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 |F+
ǫ
j+2
2
.
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(∆Hw)ǫ
j+1
2
ǫ
j+2
2
= − g
2m
∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k · Π
ǫ
j+1
2
+
−Π
ǫ
j+1
2
· g
2m
∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k + g
2
2m
(∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k
)2
Making the alulations we have:
g2
2m
(∫ ǫ j+12
ǫ
j+2
2
k√
2|k| 32
(
b (k) + b† (k)
)
d3k
)2
= g
2
2m
∑
i
∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|
∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|+
+ g
2
2m
∑
i
∫ ǫ j+12
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|
∫ ǫ j+12
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|+
+ g
2
m
∑
i
∫ ǫ j+12
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|
∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k| +
g2
4m
∫ ǫ j+12
ǫ
j+2
2
d3k
|k|
We have to examine:
1)
g2
2m
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|
∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+2
2
2)
g2
2m
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|
∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+2
2
3)
g2
m
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 kib† (k) d3k|k|√2|k| ∫ ǫ
j+1
2
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+2
2
4)
g2
4m
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 ∫ ǫ j+12
ǫ
j+2
2
d3k
|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+2
2
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5)
g
2m
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
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∥∥∥∥∥∥∥
F+
ǫ
j+2
2
6)
g
2m
∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
F+
ǫ
j+2
2
In order to ontrol the above quantities, I will use the following estimate again and
again∥∥∥∥∥∥∥
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≤ √40π · ǫ j+14 (a1)
whih is proved like the estimate (4) of lemma 1.4., by performing an unitary trans-
formation.
I study the quadrati quantities (1,2,3,4) and then the mixed terms (5,6) whih
ontain the Π
ǫ
j+1
2
. The following estimates are worked out:
1)∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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2
if the norms on the right hand side exist.
Note that
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∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥∥
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the norm on the right hand side is ontrolled like∥∥∥∥∥∥∥
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2
.
In onlusion
g2
2m
∥∥∥∥∥∥∥
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∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
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2
2)∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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ǫ
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≤
≤
∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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·
∥∥∥∥∥∥∥
∫ ǫ j+12
ǫ
j+2
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2
if the norms on the right hand side exist.
I evaluate the norm of
∫ ǫ j+12
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|

 1
Hw
ǫ
j+1
2
−E(j+1)
 12

†
restrited to F+
ǫ
j+2
2
.
Given ϕ ∈ Db ⋂F+
ǫ
j+2
2
:
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∥∥∥∥∥∥∥∥
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
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∥∥∥∥∥∥∥∥
2
=
=
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ϕ ,
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ǫ
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
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
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 =
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(ki)
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2|k|3


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+
+
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ϕ
 ≤
≤ π · ǫj+1 · 20
ǫ
j+2
2
· ‖ϕ‖2 + 40πǫ j+12 · ‖ϕ‖2
Then
g2
2m
∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
F+
ǫ
j+2
2
≤
≤ C i2 (g,m) · ǫ
j
2
3)∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
F+
ǫ
j+2
2
≤
≤
∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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• the norm
∥∥∥∥∥∥∥
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was treated at point 1);
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• the norm
∥∥∥∥∥∥∥
∫ ǫ j+12
ǫ
j+2
2
kib† (k) d
3k
|k|
√
2|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
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an be ontrolled like the
norm
∥∥∥∥∥∥∥∥
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studied at point 2).
In onlusion:
g
m
∥∥∥∥∥∥∥
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4)
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5A)
1√
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·
∥∥∥∥∥∥∥
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≤
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≤ 1√
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·
∥∥∥∥∥∥∥
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if the two norms on the right hand side exist.
In order to prove the existene and the bound of the seond one see 1).
As regards the bound of the rst one, we an start from the equality (veried a
posteriori thanks to the existene of the norm on the right hand side)
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( I used the fat that |c (j + 1)| ≤ 1and
∣∣∣∣Eǫ j+12 ∣∣∣∣ ≤ 1)
5B)
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Commuting and exploiting the properties of the norm we have:∥∥∥∥∥∥∥
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i) the term
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an be ontrolled by
∥∥∥∥∥∥∥
 1
Hw
ǫ
j+1
2
−E(j+1)
 12 Πi
ǫ
j+1
2
· ∫ ǫ j+12
ǫ
j+2
2
kib (k) d
3k
|k|
√
2|k|
 1
Hw
ǫ
j+1
2
−E(j+1)
 12
∥∥∥∥∥∥∥
F+
ǫ
j+2
2
;
ii) the term
∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥
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that is of order
ǫ
j+1
2
ǫ
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4
.
Summarizing:
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√
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∥∥∥∥∥∥∥
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4
ǫ
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4
= C i5 (g,m) · ǫ−
1
4
6)
It is ontrolled like the expression 5)
Conlusion
If g is less than a limit value g , the ǫ
j+1
2 − independent onstants C i1 (g,m) , ....., C i6 (g,m)
an be tuned in order to arrive at the thesis.
Lemma A2
Results about ∇Eσ (P) where P ∈ Σ:
1) |∇Eσ (P)| < vmax < 1 ∀σ ;
2)
∣∣∣∣∇Eǫ j+12 (P)−∇Eǫ j+22 (P)∣∣∣∣< C (g) · ǫ j+18 for g suiently small and uniform in j;
3) ∇Eσ (P) and 1‖φ˜σP‖2
(
φ˜σP,ΠP,σφ˜
σ
P
)
onverge for σ → 0 (for the denition of φ˜σP
see hapter 3 Spetral regularity).
⇔
Proof
1) |∇Eσ (P)| = |(ψσP,P−PmesψσP)|
m‖ψσP‖2 ≤
√
2
m
· 1‖ψσP‖ · |(ψ
σ
P,HP,σ + 2πg
2κψσP)|
1
2 < 1
sine, aording to the initial hypotheses, we have
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|(ψσP,HP,σψσP)|
‖ψσP‖2 ≤ |(ψ0,HP,σψ0)| =
P2
2m
≤ 1
2
|(ψσP,2πg2κψσP)|
‖ψσP‖2 ≤
1
4
2)
The property to be proved is involved in the proof of theorem 2.3bis. We assume an
impliation of the indutive hypothesis∥∥∥∥∥∥∥∥
φ̂ǫ
j+2
2
P∥∥∥∥φ̂ǫ j+22P ∥∥∥∥ −
φǫ
j+1
2
P∥∥∥∥φǫ j+12P ∥∥∥∥
∥∥∥∥∥∥∥∥ =
∥∥∥∥∥∥∥∥
φ̂ǫ
j+2
2
P
∥∥∥∥φǫ j+12P ∥∥∥∥−φǫ j+12P ∥∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥∥∥φǫ j+12P ∥∥∥∥
∥∥∥∥∥∥∥∥ ≤
≤
∥∥∥∥φ̂ǫ j+22P −φǫ j+12P ∥∥∥∥∥∥∥∥φ̂ǫ j+22P ∥∥∥∥ +
∣∣∣∣∥∥∥∥φ̂ǫ j+22P ∥∥∥∥−∥∥∥∥φǫ j+12P ∥∥∥∥∣∣∣∣∥∥∥∥φ̂ǫ j+22P ∥∥∥∥ ≤
≤
2
∥∥∥∥φ̂ǫ j+22P −φǫ j+12P ∥∥∥∥∥∥∥∥φ̂ǫ j+22P ∥∥∥∥ ≤ 3
∥∥∥∥−φ̂ǫ j+22P + φǫ j+12P ∥∥∥∥
( by indution, from theorem 2.3bis ( ase P 6= 0) we have:
‖φǫP‖ ≤
∥∥∥∥φ̂ǫ j+22P ∥∥∥∥+ ∥∥∥∥−φ̂ǫ j+22P + φǫ j+12P ∥∥∥∥+ ∥∥∥∥−φ̂ǫ j+12P + φǫ j+12P ∥∥∥∥+ ....... + ∥∥∥−φ̂ǫP + φǫP∥∥∥∥∥∥∥φ̂ǫ j+22P ∥∥∥∥ ≥ ‖φǫP‖ − (ǫ 116 + ǫ 216 + ....+ ǫ j+116 ) ≥ 1− ( ǫ 116
1−ǫ 116
)
≥ 1−2ǫ
1
16
1−ǫ 116
> 2
3
)
Let us analyze the dierene between the gradients of energy.
m∇Eǫ
j+1
2
P = P−
(
φǫ
j+1
2
P ,P
mesφǫ
j+1
2
P
)
∥∥∥∥φǫ j+12P ∥∥∥∥2 +
1∥∥∥∥φǫ j+12P ∥∥∥∥2
(
φǫ
j+1
2
P , g
∫ κ
ǫ
j+1
2
k√
2|k| 32
(
1−k̂·∇Eσ
P
) (b (k) + b† (k)) d3kφǫ j+12P
)
+
−g2 ∫ κ
ǫ
j+1
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k =
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= P−
(
φǫ
j+1
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
∥∥∥∥φǫ j+12P ∥∥∥∥2 − g
2
∫ κ
ǫ
j+1
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k
while
m∇Eǫ
j+2
2
P = P−
(
φ̂ǫ
j+2
2
P , Π̂
P,ǫ
j+2
2
φ̂ǫ
j+2
2
P
)
∥∥∥∥φ̂ǫ j+22P ∥∥∥∥2 − g
2
∫ κ
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2 d3k
then
m∇Eǫ
j+1
2
P −m∇Eǫ
j+2
2
P − g2
∫ κ
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2 d3k + g2 ∫ κ
ǫ
j+1
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2
)2 d3k =
(a2)
= 1∥∥∥∥φ̂ǫ j+22P ∥∥∥∥2
(
φ̂ǫ
j+2
2
P ,Π̂
P,ǫ
j+2
2
φ̂ǫ
j+2
2
P
)
− 1∥∥∥∥φǫ j+12P ∥∥∥∥2
(
φǫ
j+1
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
m∇Eǫ
j+1
2
P −m∇Eǫ
j+2
2
P +g
2
∫ κ
ǫ
j+1
2
k
(
−k̂·∇Eǫ
j+2
2
P
+k̂·∇Eǫ
j+1
2
P
)(
2−k̂·∇Eǫ
j+1
2
P
−k̂·∇Eǫ
j+2
2
P
)
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k−g2 ∫ ǫ j+12
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2 d3k =
= 1∥∥∥φ̂ǫ j+22P ∥∥∥
φ̂ǫ j+22P ,Π̂
P,ǫ
j+2
2
 φ̂ǫ j+22P∥∥∥φ̂ǫ j+22P ∥∥∥ − φ
ǫ
j+1
2
P∥∥∥φǫ j+12P ∥∥∥
+
+ 1∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥φǫ j+12P ∥∥∥
(
φ̂ǫ
j+2
2
P ,Π̂
P,ǫ
j+2
2
φǫ
j+1
2
P
)
− 1∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥φǫ j+12P ∥∥∥
(
φ̂ǫ
j+2
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
+
+ 1∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥φǫ j+12P ∥∥∥
(
φ̂ǫ
j+2
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
− 1∥∥∥φǫ j+12P ∥∥∥2
(
φǫ
j+1
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
Considering that
Π̂i
P,ǫ
j+2
2
−Πi
P,ǫ
j+1
2
=
= −g
∫ ǫ j+12
ǫ
j+2
2
ki(b(k)+b†(k))
√
2|k|
3
2
(
1−k̂∇Eǫ
j+1
2
P
)d3k + g2
2
∫ κ
ǫ
j+2
2
ki
(
−k̂·∇Eǫ
j+2
2
P
+k̂·∇Eǫ
j+1
2
P
)(
2−k̂·∇Eǫ
j+1
2
P
−k̂·∇Eǫ
j+2
2
P
)
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k
the equation (a2) an be written in the following way
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m∇Eǫ
j+1
2
P −m∇Eǫ
j+2
2
P + g
2
∫ κ
ǫ
j+1
2
k
(
k̂·∇Eǫ
j+2
2
P
−k̂·∇Eǫ
j+1
2
P
)(
2−k̂·∇Eǫ
j+1
2
P
−k̂·∇Eǫ
j+2
2
P
)
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k+
− 1∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥φǫ j+12P ∥∥∥
(
φ̂ǫ
j+2
2
P , φ
ǫ
j+1
2
P
)
g2
2
∫ κ
ǫ
j+1
2
k
(
−k̂·∇Eǫ
j+2
2
P
+k̂·∇Eǫ
j+1
2
P
)(
2−k̂·∇Eǫ
j+1
2
P
−k̂·∇Eǫ
j+2
2
P
)
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k =
= 1∥∥∥φ̂ǫ j+22P ∥∥∥
φ̂ǫ j+22P ,Π̂
P,ǫ
j+2
2
 φ̂ǫ j+22P∥∥∥φ̂ǫ j+22P ∥∥∥ − φ
ǫ
j+1
2
P∥∥∥φǫ j+12P ∥∥∥
+ 1∥∥∥φǫ j+12P ∥∥∥
 φ̂ǫ j+22P∥∥∥φ̂ǫ j+22P ∥∥∥ − φ
ǫ
j+1
2
P∥∥∥φǫ j+12P ∥∥∥
Π
P,ǫ
j+1
2
φǫ
j+1
2
P
+
+g2
∫ ǫ j+12
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+2
2
P
)2 d3k − 1∥∥∥φ̂ǫ j+22P ∥∥∥∥∥∥φǫ j+12P ∥∥∥
φ̂ǫ j+22P ,g ∫ ǫ j+12
ǫ
j+2
2
k(b(k)+b†(k))
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2
P
)d3kφǫ j+12P

On the left hand side of the equation, there is a quantity whose module is bigger than
C ·
∣∣∣∣∇Eǫ j+12P −∇Eǫ j+22P ∣∣∣∣ for g → 0, where C is a positive onstant that is uniform in j
and onverges to m for g → 0. It is due to the result in point 1). On the right hand
side, there is a quantity whose module is bounded by a g−dependent onstant times
ǫ
j+1
8
. Looking at the proof of theorem 2.3bis, the norm
∥∥∥∥φ̂ǫ j+22P − φǫ j+12P ∥∥∥∥ is of order
ǫ
j+1
8
(the multipliative onstant, whih is uniform in j, gets smaller by reduing g) .
Moreover the following bounds hold:
φ̂ǫ j+22P ,g ∫ ǫ j+12ǫ j+22 ki(b(k)+b†(k))√
2|k| 32
(
1−k̂·∇Eǫ
j+1
2
P
)d3kφǫ j+12P
 =
φ̂ǫ j+22P ,g ∫ ǫ j+12ǫ j+22 kib†(k)√
2|k| 32
(
1−k̂·∇Eǫ
j+1
2
P
)d3kφǫ j+12P
 =
= g
∫ ǫ j+12
ǫ
j+2
2
ki
√
2|k|2
(
1−k̂·∇Eǫ
j+1
2
P
) (φ̂ǫ j+22P ,|k| 12 b† (k)φǫ j+12P ) d3k ≤
≤ g
∫ ǫ j+12ǫ j+22 (ki)2
2|k|4
(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k

1
2 (
φ̂ǫ
j+2
2
P ,H
mesφ̂ǫ
j+2
2
P
) 1
2
≤
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≤ g
∫ ǫ j+12ǫ j+22 (ki)2
2|k|4
(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k

1
2 (
φ̂ǫ
j+2
2
P ,H
mesφ̂ǫ
j+2
2
P
) 1
2
≤
≤ g
∫ ǫ j+12ǫ j+22 (ki)2
2|k|4
(
1−k̂·∇Eǫ
j+1
2
P
)2 d3k

1
2 (
Eǫ
j+2
2
P − ĉP (j + 2)
) 1
2
(
φ̂ǫ
j+2
2
P ,φ̂
ǫ
j+2
2
P
) 1
2
∥∥∥∥Π̂i
P,ǫ
j+2
2
φ̂ǫ
j+2
2
P
∥∥∥∥∥∥∥∥φ̂ǫ j+22P ∥∥∥∥ ≤
√
2m·
(
Eǫ
j+2
2
P − cP (j + 2)
) 1
2
,
∥∥∥∥Πi
P,ǫ
j+1
2
φǫ
j+1
2
P
∥∥∥∥∥∥∥∥φǫ j+12P ∥∥∥∥ ≤
√
2m·
(
Eǫ
j+1
2
P − cP (j + 1)
) 1
2
Having established the bound
∣∣∣∣∇Eǫ j+12 (P)−∇Eǫ j+22 (P)∣∣∣∣< C (g) · ǫ j+18 for g suf-
iently small, the j uniformity of C (g) follows from the indutive proedure and
the related tuning of the onstant g . About the last point I do not give the details
but a substantially analogous proedure is used in theorem 2.3. In onlusion the
result is that for g less than a proper g, the thesis of the point 2) of the lemma is
proved jointly with theorem 2.3bis.
3)
The onvergene of ∇Eσ (P) and of 1‖φ˜σP‖2
(
φ˜σP,ΠP,σφ˜
σ
P
)
follows from the onvergene
proved in theorem 2.3bis. I will prove the seond limit only.
I estimate the dierene
1∥∥∥φ˜σ2P ∥∥∥2
(
φ˜σ2P ,ΠP,σ2φ˜
σ2
P
)
− 1∥∥∥φ˜σ1P ∥∥∥2
(
φ˜σ1P ,ΠP,σ1φ˜
σ1
P
)
I reall the denition of φ˜σP :
given σ between ǫ
j+2
2
and ǫ
j+3
2
, it an be written as ǫ′
j+2
2
where ǫ′ = σ
2
j+2 {ǫ′ : ǫ ≥ ǫ′ ≥ ǫ√ǫ}
and it an be dened φ˜σP ≡ φǫ
′(σ)
j+2
2
P , where we obtain φ
ǫ′(σ)
j+2
2
P by iteration starting
from the ut-o ǫ′.
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I rewrite φ˜σ2P − φ˜σ1P in the following way
φ˜σ2P − φ˜σ1P = φ˜σ2P − φǫ2(σ2)
l+2
2
P + φ
ǫ2(σ2)
l+2
2
P − φǫ1(σ1)
m+2
2
P + φ
ǫ1(σ1)
m+2
2
P − φ˜σ1P
Now, xed an arbitrarily small δ, there exist l (δ) , m (δ) suiently large and a
phase eiη(δ) suh that
∥∥∥∥∥∥∥∥
φ
ǫ2(σ2)
l+2
2
P∥∥∥∥φǫ2(σ2) l+22P ∥∥∥∥ − e
iη(δ) φ
ǫ1(σ1)
m+2
2
P∥∥∥∥φǫ1(σ1)m+22P ∥∥∥∥
∥∥∥∥∥∥∥∥ ≤ δ
This is substantially due to the onvergene stated in the theorem 2.3bis and to
the uniity of the ground state till there is a ut-o, by onstrution.
Then
∥∥∥∥ φ˜σ2P‖φ˜σ2P ‖ − eiη(δ) φ˜
σ1
P
‖φ˜σ1P ‖
∥∥∥∥ is bounded by a quantity of order σ 182 + σ 181 + δ.
Sine
1
‖φ˜σ2P ‖2
(
φ˜σ2P ,ΠP,σ2φ˜
σ2
P
)
− 1‖φ˜σ1P ‖2
(
φ˜σ1P ,ΠP,σ1φ˜
σ1
P
)
= 1‖φ˜σ2P ‖2
(
φ˜σ2P ,ΠP,σ2φ˜
σ2
P
)
− 1‖eiηφ˜σ1P ‖2
(
eiηφ˜σ1P ,ΠP,σ1e
iηφ˜σ1P
)
we an onlude that the limit exists by exploiting the bounds (from above) showed
in point 2).
Calulation of Ĥ
P,ǫ
j+2
2
.
Ĥ
P,ǫ
j+2
2
= (P1+P2)
2
2m
+ 1
2m
Pmes − g ∫ κ
ǫ
j+2
2
k(b(k)+b†(k))
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k + g2 ∫ κ
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k
2+
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−P2
m
·
Pmes − g ∫ κ
ǫ
j+2
2
k(b(k)+b†(k))
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k + g2 ∫ κ
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k
+
+
∫∞
0
(
|k| − k · ∇Eǫ
j+1
2 (P)
)
b† (k) b (k) d3k − g2
∫ κ
ǫ
j+2
2
1
2|k|2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k =
= 1
2m
Π
P,ǫ
j+1
2
− g
∫ ǫ j+12
ǫ
j+2
2
k
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2 (P)
) (b (k) + b† (k)) d3k + g2 ∫ κ
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k
2+
− 1
m
 1∥∥∥φǫ j+12P ∥∥∥2
(
φǫ
j+1
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
+ g2
∫ κ
ǫ
j+1
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k
 ·
·
Π
P,ǫ
j+1
2
− g
∫ ǫ j+12
ǫ
j+2
2
k
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2 (P)
) (b (k) + b† (k)) d3k + g2 ∫ κ
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k

+
∫∞
0
(
|k| − k · ∇Eǫ
j+1
2 (P)
)
b† (k) b (k) d3k − g2
∫ κ
ǫ
j+2
2
1
2|k|2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k =
= 1
2m
ΠP,ǫ j+12 −
(
φǫ
j+1
2
P
,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
∥∥∥φǫ j+12P ∥∥∥2 − g
∫ ǫ j+12
ǫ
j+2
2
k(b(k)+b†(k))
√
2|k|
3
2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k + g2 ∫ ǫ j+12
ǫ
j+2
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k

2
+
+
∫∞
0
(
|k| − k · ∇Eǫ
j+1
2 (P)
)
b† (k) b (k) d3k − g2
∫ κ
ǫ
j+2
2
1
2|k|2
(
1−k̂·∇Eǫ
j+1
2 (P)
)d3k+
− 1
2m
 1∥∥∥φǫ j+12P ∥∥∥2
(
φǫ
j+1
2
P ,Π
P,ǫ
j+1
2
φǫ
j+1
2
P
)
+ g2
∫ κ
ǫ
j+1
2
k
2|k|3
(
1−k̂·∇Eǫ
j+1
2 (P)
)2 d3k

2
+ P
2
2m
APPENDIX B
Preliminary remarks
In the next lemmas I will onsider an impliit hypothesis whih is not proved in
the spetral analysis but it is physially reasonable:
for P ∈ Σ , there exists a onstant 1
mr
(mr means renormalized mass) suh that the
following inequalities hold, uniformly in σ > 0:
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hypothesis B1
∂Eσ(P)
∂|P| ≥ |P|mr and
∂2Eσ(P)
∂2|P| ≥ 1mr
Starting from this hypothesis, we obtain that the appliation Jσ : P → ∇Eσ (P)
is one to one and that the determinant of jaobian satises the inequality:
detdJσ =
1
|P|2
(
∂Eσ (P)
∂ |P|
)2
· ∂
2Eσ (P)
∂2 |P| ≥
1
m3r
( I reall that the funtion Eσ (P) is invariant under rotations and that it belongs to
C∞ (R3) , see [2℄) .
Then, given the region O∇Eσ and the orresponding OP = J−1σ (O∇Eσ) OP ⊂ Σ, we
have the following relation between their volumes:
VOP ≤ m3rVO∇Eσ
Remark on the notations
As in the previous hapters, I use the onvention to generially all C the onstants
whih are uniform in the variables we are treating. The bounds are intended from
above, up to a dierent expliit warning.
Denition
As antiipated in the paragraph 4.1, the funtion χ(t)vi (∇Eσt , s) has to approximate
the harateristi funtion of Jσt (Γi) for s→ +∞ (where s is bigger or equal to the
t (≫ 1) of the partition, the most general expression is χ(t1)vi (∇Eσt2 , s) where the
onstraint is s ≥ t1). In partiular, in order to approximate the region Jσt (Γi) from
inside, I dene χ(t)vi (∇Eσt , s) =
∑
l χ
l(t)
vl(i)
(∇Eσt , s) where supp∇Eσtχ(t)vi (∇Eσt , s) ⊂
suppJσt (Γi) and where the χ
l(t)
vl(i)
(∇Eσt , s) are onstruted starting from the model
funtion
χl(t) (z, s) = χ
l(t)
1 (z1, s) · χl(t)2 (z2, s) · χl(t)3 (z3, s)
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χ
l(t)
k (zk, s)
−s δ2 zk + s δ2 · 1
2s
δ
6
for − 1
s
δ
2
+ 1
2s
δ
6
< zk ≤ 1
2s
δ
6
≡ { 1 for − 1
2s
δ
6
+ 1
s
δ
2
< zk ≤ 1
2s
δ
6
− 1
s
δ
2
s
δ
2 zk + s
δ
2 · 1
2s
δ
6
for − 1
2s
δ
6
< zk ≤ − 1
2s
δ
6
+ 1
s
δ
2
through a translation whih sends the origin of the oordinates ∇Eσt spae in
vl(i) ∈ Jσt (Γi). Note that the support of Jσt (Γi) has a volume of order 1t3ǫ . In
order to have a well dened χ(t)vi (∇Eσt , s) two requirements are neessary:
- the inequality δ > 6ǫ
- a nite sale fator (related to mr) for the variable zk in the funtion χ
l(t)
k (zk, s).
To simplify the notations I will assume this fator equal to 1.
It omes out that the χ˜l(t)vl(i) (q, s) have a behavior similar to
χ˜l(t) (q, s) = χ˜
l(t)
1 (q1, s) · χ˜l(t)2 (q2, s) · χ˜l(t)3 (q3, s)
where χ˜
l(t)
k (qk, s) ∝ s
δ
2 ·
cos
(
qk
(
1
2s
δ
6
− 1
s
δ
2
))
−cos
(
qk· 1
2s
δ
6
)
q2
k
and then
∫ ∣∣∣χ˜l(t) (q, s)∣∣∣ d3q < C · s3 δ2 e ∫∞a ∣∣∣χ˜l(t) (q, s)∣∣∣ d3q < C · 1a · s δ2 · sδ
from whih
∫ ∣∣∣χ˜(t)vi (q, s)∣∣∣ d3q ≤ ∑l ∫ ∣∣∣χ˜l(t)vi (q, s)∣∣∣ d3q ≤ C · L3t3ǫ · s3· δ6 · s3 δ2 ≤ C · s2δ∫ +∞
a
∣∣∣χ˜(t)vi (q, s)∣∣∣ d3q ≤ ∑l ∫∞a ∣∣∣χ˜l(t)vl(i) (q, s)∣∣∣ d3q ≤ C · L3t3ǫ · s3 δ6 1a · s 3δ2 < C · 1a · s2δ
Lemma B1
The norm
∥∥∥(1Γi (P)− χ(t)vi (∇Eσt (P) , s))ψ(t)i,σt∥∥∥ is bounded by a quantity of order
1
s
δ
12
· t−ǫ.
Proof
I dene J−1σt
(
Ôi∇Eσt
)
≡
{
P ∈ Σ : ∇Eσt (P) ∈ suppχ(t)vi (∇Eσt , s) and χ(t)vi (∇Eσt , s) 6= 1
}
.
Taking into aount the denition of χ(t)vi (∇Eσt , s), the denition of the applia-
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tion Jσt (Jσt (P) ∝ P) and the hypothesis B1, the volume J−1σt
(
Ôi∇Eσt
)
is bounded
by a quantity of order
1
s
δ
3
· t−3ǫ. On the other hand, the volume of the region
suppJσt (Γi) \ supp∇Eσtχ(t)vi (∇Eσt , s) is bounded by a quantity of order 1
s
δ
6
· t−2ǫ.
Therefore:∥∥∥(1Γi (P)− χ(t)vi (∇Eσt (P) , s))ψ(t)i,σt∥∥∥2 = ∫Γi ∣∣∣1Γi (P)− χ(t)vi (∇Eσt , s)∣∣∣2 |G (P)|2 ‖ψP,σt‖2 d3P ≤
≤ C · 1
s
δ
6
· t−2ǫ
from whih the thesis follows.
Lemma B2
In the onstrutive hypothesis xed at the beginning of hapter 4, we have∥∥∥∫ χ˜(t)vi (q, s) (e−iq·∇Eσt − e−iq·xs ) d3qe−iEσt(P)seiγσt (vi,∇Eσt ,s)ψ(t)i,σt∥∥∥ ≤
≤ C · s− 1112 · s2δ− 3ǫ2 · (ln (σt))2
(C is the same onstant for all the ells and it is uniform in the partitions).
Proof∥∥∥∫ χ˜(t)vi (q, s) (e−iq·∇Eσt − e−iq·xs ) d3qe−iEσt(P)seiγσt (vi,∇Eσt ,s)ψ(t)i,σt∥∥∥ =
=
∥∥∥eiEσt(P)s ∫ χ˜(t)vi (q, s) (e−iq·∇Eσt − e−iq·xs ) d3qe−iEσt(P)seiγσt (vi,∇Eσt ,s)ψ(t)i,σt∥∥∥ =
=
∥∥∥∫ χ˜(t)vi (q, s) [(e−iq·∇Eσt − ei(Eσt (P)−Eσt(P+qs ))s − ei(Eσt (P)−Eσt(P+qs ))s (e−iq· xs − 1))] d3qeiγσt (vi,∇Eσt ,s)ψ(t)i,σt∥∥∥ ≤
≤
∥∥∥∥∫ χ˜(t)vi (q, s)
(
e−iq·∇E
σt − ei(Eσt(P)−Eσt(P+qs ))s
)
d3qeiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
∥∥∥∥+ i)
+
∥∥∥∥∫ χ˜(t)vi (q, s) ei(Eσt(P)−Eσt(P+qs ))s (e−iq·xs − 1) d3qeiγσt (vi,∇Eσt ,s)ψ(t)i,σt
∥∥∥∥ ii)
i)
∥∥∥∥∫ χ˜(t)vi (q, s)
(
e−iq·∇E
σt − ei(Eσt(P)−Eσt(P+qs ))s
)
d3qeiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
∥∥∥∥ ≤
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≤ C ·
∥∥∥ψ(t)i,σ∥∥∥ · ∫ +∞
s
1
34
∣∣∣χ˜(t)vi (q, s)∣∣∣ d3q + C · ∥∥∥ψ(t)i,σ∥∥∥ ·
∫ s 134
0
∣∣∣χ˜(t)vi (q,s)∣∣∣d3q
s
1
32
It follows for these reasons:
• being the energy dierentiable:
sEσt (P)− sEσt
(
P+ q
s
)
= −q ·∇Eσt (P′) where P′ is suh that |P−P′| ≤
∣∣∣q
s
∣∣∣
• for the lemma 3.3:
|∇Eσt (P)−∇Eσt (P′)| ≤ C · |P−P′| 116 ≤ C ·
∣∣∣q
s
∣∣∣ 116
• ∫ ∣∣∣χ˜(t)vi (q, s)∣∣∣ d3q ≤ C · s2δ∫+∞
a
∣∣∣χ˜(t)vi (q, s)∣∣∣ d3q < C · 1a · s2δ
Then the term i) is surely bounded by a quantity of order
s2δ
s
1
34
.
ii)∥∥∥∥∫ χ˜(t)vi (q, s) ei(Eσt(P)−Eσt(P+qs ))s · (e−iq·xs − 1) d3qeiγσt (vi,∇Eσt ,s)ψ(t)i,σt
∥∥∥∥ ≤
≤
∥∥∥∥∫ s 1200 χ˜(t)vi (q, s) ei(Eσt(P)−Eσt(P+qs ))s · (e−iq·xs − 1) d3qeiγσt (vi,∇Eσt ,s)ψ(t)i,σt
∥∥∥∥+
(b2)
+
∥∥∥∥∫+∞
s
1
20
χ˜(t)vi (q, s) e
i(Eσt(P)−Eσt(P+qs ))s ·
(
e−iq·
x
s − 1
)
d3qeiγσt (vi,∇E
σt ,s)ψ
(t)
i,σt
∥∥∥∥
rst term of (b2)∥∥∥∥∫ s 1200 χ˜(t)vi (q, s) ei(Eσt(P)−Eσt(P+qs ))s · (e−iq·xs − 1) d3qeiγσt(vi,∇EσtP ,s)ψ(t)i,σt
∥∥∥∥ =
=
∥∥∥∥∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P)−Eσt(P+qs ))s · (e−iq·xs − 1)G (P) eiγσt(vi,∇EσtP ,s)ψP,σtd3Pd3q
∥∥∥∥ =
=
∥∥∥∥∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P)−Eσt(P+qs ))se−iq·xsG (P) eiγσt(vi,∇EσtP ,s)ψP,σtd3Pd3q+
− ∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P)−Eσt(P+qs ))sG (P) eiγσt(vi,∇EσtP ,s)ψP,σtd3Pd3q
∥∥∥∥ =
=
∥∥∥∥∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P)−Eσt(P+qs ))se−iq·xsG (P) eiγσt(vi,∇EσtP ,s)ψP,σtd3Pd3q+
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− ∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P)−Eσt(P+qs ))sG (P) eiγσt
(
vi,∇Eσt
P−qs
,s
)
ψP−q
s
,σtd
3Pd3q+
+
∫ s 120
0 χ˜
(t)
vi
(q, s)
∫
Γi
ei(E
σt(P)−Eσt(P+qs ))sG (P) e
iγσt
(
vi,∇Eσt
P−qs
,s
)
ψP−q
s
,σtd
3Pd3q+
− ∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P−qs )−Eσt(P))sG (P− qs) eiγσt
(
vi,∇Eσt
P−qs
,s
)
ψP−q
s
,σtd
3Pd3q+
+
∫ s 120
0 χ˜
(t)
vi
(q, s)
∫
Γi
ei(E
σt(P−qs )−Eσt(P))sG
(
P− q
s
)
e
iγσt
(
vi,∇Eσt
P−qs
,s
)
ψP−q
s
,σtd
3Pd3q+
− ∫ s 1200 χ˜(t)vi (q, s) ∫Γi ei(Eσt(P)−Eσt(P+qs ))sG (P) eiγσt(vi,∇EσtP ,s)ψP,σtd3Pd3q
∥∥∥∥ ≤
≤ ∫ s 120
0
∣∣∣χ˜(t)vi (q, s)∣∣∣
∫Γi |G (P)|2
∥∥∥∥∥eiγσt(vi,∇EσtP ,s)IP (ψP,σt)− eiγσt
(
vi,∇Eσt
P− q
s
,s
)
IP− q
s
(
ψP− q
s
,σt
)∥∥∥∥∥
2
F
d3P

1
2
d3q+
(b3.1)
+
∫ s 120
0
∣∣∣χ˜(t)vi (q, s)∣∣∣{∫Γi ∣∣∣G (P− qs ) ei(Eσt(P−qs )−Eσt (P))s −G (P) ei(Eσt (P)−Eσt(P+qs ))s∣∣∣2 ∥∥∥IP− qs (ψP− qs ,σt)∥∥∥2F d3P
} 1
2
d3q+
(b3.2)
+
∫ s 120
0
∣∣∣χ˜(t)vi (q, s)∣∣∣ {∫O q
s
|G (P)|2 ‖IP (ψP,σt)‖2F d3P
} 1
2
d3q
(b3.3)
bound of the term (b3.1)∥∥∥∥∥eiγσt(vi,∇EσtP ,s)IP (ψP,σt)− eiγσt
(
vi,∇Eσt
P−qs
,s
)
IP−q
s
(
ψP−q
s
,σt
)∥∥∥∥∥
F
≤
≤
∥∥∥∥eiγσt(vi,∇EσtP ,s)IP (ψP,σt)− eiγσt(vi,∇EσtP ,s)IP−qs (ψP−qs ,σt)
∥∥∥∥
F
+
+
∥∥∥∥∥eiγσt(vi,∇EσtP ,s)IP−qs (ψP−qs ,σt)− eiγσt
(
vi,∇Eσt
P−qs
,s
)
IP−q
s
(
ψP−q
s
,σt
)∥∥∥∥∥
F
≤
≤
∥∥∥∥IP (W b†σt (∇EσtP )W bσt (∇EσtP )ψP,σt)− IP−qs
(
W b
†
σt
(
∇Eσt
P−q
s
)
W bσt
(
∇Eσt
P−q
s
)
ψP−q
s
,σt
)∥∥∥∥
F
+
+
∣∣∣∣∣eiγσt(vi,∇EσtP ,s) − eiγσt
(
vi,∇Eσt
P−qs
,s
)∣∣∣∣∣ ∥∥∥IP−qs (ψP−qs ,σt)∥∥∥F ≤
≤
∥∥∥∥IP (W bσt (∇EσtP )ψP,σt)− IP−qs
(
W bσt
(
∇Eσt
P−q
s
)
ψP−q
s
,σt
)∥∥∥∥
F
+
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+∥∥∥∥IP−qs
((
W b
†
σt
(∇EσtP )−W b†σt
(
∇Eσt
P−q
s
))
W bσt
(
∇Eσt
P−q
s
)
ψP−q
s
,σt
)∥∥∥∥
F
+
+
∣∣∣∣∣eiγσt(vi,∇EσtP ,s) − eiγσt
(
vi,∇Eσt
P−qs
,s
)∣∣∣∣∣ ∥∥∥IP−qs (ψP−qs ,σt)∥∥∥F
The norm
∥∥∥∥IP (W bσt (∇EσtP )ψP,σt)− IP−qs
(
W bσt
(
∇Eσt
P−q
s
)
ψP−q
s
,σt
)∥∥∥∥
F
is bounded by
a quantity of order
( |q|
s
) 1
32
(see theorem 3.4).
The norm of∥∥∥∥IP−qs
((
W b
†
σt
(∇EσtP )−W b†σt
(
∇Eσt
P−q
s
))
W bσt
(
∇Eσt
P−q
s
)
ψP−q
s
,σt
)∥∥∥∥
F
(b4)
an be estimated by the norm of
g
∫ κ
σt
k̂·(∇Eσt (P)−∇Eσt(P− qs ))
|k|
(
1−k̂·∇Eσt (P)
)(
1−k̂·∇Eσt(P−qs )
) (b (k)− b† (k)) d3k√
2|k|
IP−q
s
(
W bσt
(
∇Eσt
(
P− q
s
))
ψP− q
s
,σt
)
then it is substantially the produt of the following quantities:
•
∫ κ
σt
(
gk̂·(∇Eσt(P)−∇Eσt(P−qs ))√
2|k| 32 (1−k̂·∇Eσt(P))(1−k̂·∇Eσt(P−qs ))
)2
d3k
 12
it is bounded by C ·
∣∣∣∇Eσt (P− q
s
)
−∇Eσt (P)
∣∣∣ · (ln (σt)) 12 ≤
≤ C ·
∣∣∣s− 1920 ∣∣∣ 116 · (ln (σt)) 12 ( see lemma 3.3);
•
(∫ κ
σt
∥∥∥b (k) IP−q
s
(
W bσt
(
∇Eσt
(
P− q
s
))
ψP−q
s
,σt
)∥∥∥2
F
d3k
) 1
2
=
=
∫ κσt
∥∥∥∥∥∥IP− qs
W bσt (∇Eσt (P− qs ))
b (k) + gχκσt (k)√
2|k| 32
(
1−k̂·∇Eσt
P− q
s
)ψP+ q
s
,σt
∥∥∥∥∥∥
2
F
d3k

1
2
by using tehniques like in [2℄, it is possible to give a bound with a uniform
onstant in t and in s. For our purposes, a bound of order (ln (σt))
1
2
(uniform
in s) is suient. For P ∈ Σ, it omes from the following formula obtained in
[2℄
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b (k)ψP,σt =
g√
2 |k|
(
1
Eσt (P)− |k| −HP−k,σt
)
ψP,σt
For s ≤ σ−
40
39
t , the module of
∣∣∣∣∣eiγσt(vi,∇EσtP ,s) − eiγσt
(
vi,∇Eσt
P+
q
s
,s
)∣∣∣∣∣ an be estimated by
the module of the dierene of the exponents:∣∣∣∣∣∣∫ s1
g2 ∫ σLτσt cos(k·∇E
σt
P
τ−|k|τ)−cos
(
k·∇Eσt
P−qs
·τ−|k|τ
)
(1−k̂·vi)
dΩd |k|
 dτ
∣∣∣∣∣∣ =
=
∣∣∣∣∣∣∣∣∣∣∣∣
2
∫ s
1

g2
∫ σLτ
σt
sin
k·
(
∇Eσt
P
−∇Eσt
P−qs
)
τ
2
 sin
k·
(
∇Eσt
P
+∇Eσt
P−qs
)
τ−2|k|τ
2

(1−k̂·vi)
dΩd |k|

dτ
∣∣∣∣∣∣∣∣∣∣∣∣
≤
≤ C ·
∣∣∣∣∇EσtP −∇EσtP−q
s
∣∣∣∣ · ∫ s1 (σLτ )2 · τdτ ≤ C · ∣∣∣qs ∣∣∣ 116 · ∫ s1 τ− 1920dτ ≤
≤ C ·
∣∣∣∣ s 120s
∣∣∣∣ 116 · s 120 < C · s− 1112
An analogous estimate holds for s > σ
− 40
39
t .
Summarizing, the term (b3.1) is bounded by
C ·
(
s−
19
20
) 1
32 · s2δ · t− 3ǫ2 + C ·
(
s−
19
20
) 1
16 · s2δ · t− 3ǫ2 · |ln σt|+ C · s− 1112 · s2δ · t− 3ǫ2 ≤
≤ C · s− 1112 · s2δ · t− 3ǫ2 · |ln σt|
bound of the term (b3.2)
Being G ∈ C10 (R3 \ 0) and for the lemma 3.3 applied to
ei(E
σt(P−qs )−Eσt(P))s − ei(Eσt (P)−Eσt(P+qs ))s there is a bounding with the quantity
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C · |q| ·
( |q|
s
) 1
16
· s2δ · t− 3ǫ2 ≤ C · s− 120 ·
(
s−
19
20
) 1
16 · s2δ · t− 3ǫ2 ≤ C · s2δ · s− 1112 · t− 3ǫ2
bound of the term (b3.3)
Starting from a dierene between volumes, the expression (b3.3) is bounded by
a quantity of order
( |q|
s
) 1
2 · s2δ · t−ǫ ≤ s− 1940 · s2δ · t−ǫ
seond term of the (b2)
It is bounded by
∥∥∥ψ(t)i,σt∥∥∥ · ∫ +∞s 120
∣∣∣χ˜(t)vi (q, s)∣∣∣ d3q then by
C · s− 120 · s2δ · t− 3ǫ2
In onlusion the sum of the terms i) and ii) is bounded by
C · s− 1112 · s2δ · |ln σt| · t− 3ǫ2
having assumed
ǫ
2
≤ 19
40
− 1
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.
Corollary B2
From the previous proof it follows that for s > t≫ 1 the norm of(
g2
∫ s·s− 3940
σt·s
∫ cos(q·xs−|q|)
(1−q̂·vi)
dΩd|q|
s
− g2 ∫ s·s− 3940
σt·s
∫ cos(q·∇Eσt−|q|)
(1−q̂·vi)
dΩd|q|
s
)
e−iE
σtseiγσt(vi,∇E
σt
P
,s)ψ
(t)
i,σt
is surely bounded by a quantity of order s−1 · s− 1112 · s2δ · |ln σt| · t− 3ǫ2 .
Lemma B3
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I study the funtion ϕσt,vi (x, t) (t≫ 1) where σt = 1tα and α > 0
ϕσt,vi (x, t) = g
2
∫ κ1
σt
∫ cos(k·x−|k|t)
(1−k̂·vi)
dΩd |k| = g2 ∫ sin(κ1k̂·x−κ1t)−sin(σtk̂·x−σt·t)
(1−k̂·vi)·(k̂·x−t)
dΩ
Observation 1
I analyze the behavior of ϕσt,vi (x, t) for x ∈ R3.
region x : |x| < (1− η) t , 0 < η < 1:∣∣∣∣g2 ∫ sin(κ1̂k·x−κ1t)−sin(σtk̂·x−σt·t)(1−k̂·vi)·(k̂·x−t) · dΩ
∣∣∣∣ ≤ ∫ ∣∣∣∣g2 2(1−k̂·vi)·(k̂·x−t)
∣∣∣∣ dΩ ≤
≤ 1
ηt
∫ ∣∣∣∣g2 2(1−k̂·vi)
∣∣∣∣ dΩ
region x : (1− η) t < |x| , 0 < η < 1:
ϕσt,vi (x, t) = g
2
∫ κ1
σt
∫ cos(k·x−|k|t)
(1−k̂·vi)
dΩd |k| = g2 ∫ κ1σt ∫ cos (k · x− |k| t) · ξ (k̂,vi) dΩd |k|
where ξ
(
k̂,vi
)
= ξ (θ, ϕ,vi) ≡ 1(1−k̂·vi) . Note that being |vi| ≤ v
max < 1
∃ M ≥ 0,M ′ ≥ 0=⇒
∣∣∣ξ (k̂,vi)∣∣∣ < M and ∣∣∣ dd cos θ [ξ (θ, ϕ,vi)]∣∣∣ < M ′);
I integrate by parts with respet to d cos θ
g2
∫ κ1
σt
∫
ei(k·x−|k|t)
(1−k̂·vi)
dΩd |k| =
=
∫ κ1
σt
∫
e−i(|k|·|x|+|k|t)
|x| · ξ(π,ϕ,vi)i|k| d |k| dϕ−
∫ κ1
σt
∫
ei(|k|·|x|−|k|t)
|x| · ξ(0,ϕ,vi)i|k| d |k| dϕ+
− ∫ κ1σt ∫ ei(k·x−|k|t)|x| · 1i|k| dd cos θ [ξ (θ, ϕ,vi)] d |k| dΩ (b5)
this is bounded by a quantity of order
|lnσt|
t−ηt .
In onlusion there exists a onstant C, that is uniform in vi belonging to the region
|vi| < vmax < 1, suh that ∀x ∈ R3 |ϕσt,vi (x, t)| ≤ C · |lnσt|t−ηt . (b6)
Observation 2
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I analyze the behavior of ϕσt,vi (x, t) for (1− η′) t < |x| < (1− η) t, where
0 < η < η′ < 1. I study the term (b5) (the other term has an analogous behavior)
∫ κ1
1
tα
∫
e−i(|k|·|x|+|k|t)
|x| · ξ(π,ϕ,vi)i|k| d |k| dϕ−
∫ κ1
1
tα
∫
ei(|k|·|x|−|k|t)
|x| · ξ(0,ϕ,vi)i|k| d |k| dϕ+
− ∫ κ11
tα
∫
ei(k·x−|k|t)
|x| · 1i|k| dd cos θ [ξ (θ, ϕ,vi)] d |k| dΩ (b7)
By hypothesis, the following inequalities hold:
|x|+ t > t
|x| − t < (1− η) t− t ⇒ |x| − t < −ηt⇒||x| − t| > ηt
|x| > (1− η′) t
I onsider, for example, the rst term of the (b7) (the other ones have an analo-
gous behavior) :
−i (|x|+ t)·∫ κ11
tα
∫
e−i|k|·(|x|+t)
|x| · ξ(π,ϕ,vi)i|k| d |k| dϕ =
∫ κ1
1
tα
∫
d
d|k|
(
e−i|k|·(|x|+t)
|x|
)
· ξ(π,ϕ,vi)
i|k| d |k| dϕ =
(now I integrate by part with respet to d |k|)
=
∫
e−iκ1·(|x|+t)
|x| · ξ(π,ϕ,vi)iκ1 dϕ−
∫
e−it
−α·(|x|+t)
|x| · ξ(π,ϕ,vi)it−α dϕ+
+
∫ κ1
1
tα
∫
e−i|k|·(|x|+t)
|x| · ξ (π, ϕ,vi) · 1i|k|2 · d |k| dϕ
from whih
∫ κ1
1
tα
∫
e−i|k|·(|x|+t)
|x| · ξ(π,ϕ,vi)i|k| d |k| dϕ =
∫
e−iκ1·(|x|+t)
|x|(|x|+t) · ξ(π,ϕ,vi)|κ1| dϕ−
∫
e−it
−α·(|x|+t)
|x|(|x|+t) · ξ(π,ϕ,vi)t−α dϕ+
+
∫ κ1
1
tα
∫
e−i|k|·(|x|+t)
|x|(|x|+t) · ξ(π,ϕ,vi)|k|2 d |k| dϕ
where eah term on the right hand side is bounded by a quantity of order
tα
t2
.
Conlusion:
in the region (1− η′) t < |x| < (1− η) t we have that |ϕσt,vi (x, t)| ≤ Cη,η′ · t
α
t2
(|vi| <
vmax < 1).
Theorem B4
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Taking into aount lemma B2, one an prove the existene of
s− lims→+∞ eiHσts ∫ κ1σt a(k)ei|k|s|k| · hi,j (k̂) d3k√2|k|e−iHσtsψ(t)i,σt ≡ aoutσt (h)ψ(t)i,σt
The vetors aout(in)σt (h)ψ
(t)
i,σt
are in D (Hσt).
Proof
In order to prove the strong onvergene, we hek that the following quantity is
integrable with respet to s:
∥∥∥∥∥∥∥∥
d
{
eiHσts
∫ κ1
σt
a(k)ei|k|s
|k| · hi,j
(
k̂
)
d3k√
2|k|e
−iHσtsψ(t)i,σt
}
ds
∥∥∥∥∥∥∥∥
Formally :
d(eiHσtsa(hs)e−iHσts)
dt
=
d(eiHσtse−iH
messa(h)eiH
messe−iHσts)
dt
=
= eiHσts
{
i
∫ κ1
σt
h˜i,j (k) e
i(|k|s−k·x) 1
2|k|2d
3k
}
e−iHσts
The formal expressions are well dened from an operatorial point of view in D (Hσt).
Having dened ĥ (x, s) ≡
{
i
∫ κ1
σt
h˜i,j (k) e
i(|k|s−k·x) 1
2|k|2d
3k
}
, I onsider the Hilbert in-
equality:∥∥∥∥d(eiHσt sa(h)e−iHσt s)dt ψ(t)i,σt∥∥∥∥ ≤
≤
∥∥∥ĥ (x, s)(1Γi (P)− χ(t)vi (∇Eσt , s)) e−iHσtsψ(t)i,σt∥∥∥+∥∥∥ĥ (x, s)(χ(t)vi (∇Eσt , s)− χ(t)vi (xs , s)) e−iHσtsψ(t)i,σt∥∥∥+
+
∥∥∥ĥ (x, s)χ(t)vi (xs , s) e−iHσtsψ(t)i,σt∥∥∥ ≤
≤ supx
∣∣∣ĥ (x, s)∣∣∣·∥∥∥(1Γi (P)− χ(t)vi (∇Eσt , s)) e−iHσtsψ(t)i,σt∥∥∥+supx ∣∣∣ĥ (x, s)∣∣∣·∥∥∥(χ(t)vi (∇Eσt , s)− χ(t)vi (xs , s)) e−iHσtsψ(t)i,σt∥∥∥+
+supx
s
∈Jσt(Γi)
∣∣∣ĥ (x, s) · χvi (xs , s)∣∣∣ · ∥∥∥ψ(t)i,σt∥∥∥
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Beause of the results of lemmas B1, B2 and of the estimate in lemma B3, the
rst two terms on the right hand side are respetively bounded by C · s− δ12 · |lnσt|
s
· t−ǫ
(δ > 24ǫ) and by C ·s−1·s− 1112 ·s2δ− 3ǫ2 ·(ln σt)2 (we assume the onstraint 2δ+3ǫ < 1112).
As regards the third term, the hypotheses on G (P), vi (see the note at pag.69) and
the observation 2 of lemma B3 ensure a vanishing of order
σt
s2
· t− 3ǫ2 , for s→ +∞.
The vetors aout(in)σt (h)ψ
(t)
i,σt
belong to D (H).
For eah s, Hσte
iHσtsa (hs) e
−iHσtsψ(t)i,σt is well dened beause a (hs)ψ
(t)
i,σt
⊂ D (Hσt).
Hσt is a losed operator. Therefore it is suient to prove the onvergene, for
s→ +∞, of:
Hσte
iHσtsa (hs) e
−iHσtsψ(t)i,σt = e
iHσtsHσta (hs) e
−iHσtsψ(t)i,σt =
=
{
eiHσtsa (hs) e
−iHσtsEσt (P)ψ(t)i,σt + e
iHσts [Hσt −Hmes, a (hs)] e−iHσtsψ(t)i,σt + eiHσts [He.m., a (hs)] e−iHσtsψ
(t)
i,σt
}
Looking at the rst part of the theorem and being [He.m., a (hs)] = − ∫ κ1σt a (k) ei|k|s h˜i,j(k)√2|k| d3k,
eah term in the above expression has limit.
Theorem B5
If for eah P in Γi and for eah k in supph˜ (k), h˜ (k) =
hi,j(k̂)
|k|
√
2|k|χ
κ1
σt
(k), it hap-
pens that P+ k ∈ Σ, then
aout(in)σt (h)ψ
(t)
i,σt
= 0
Proof
Starting from the spetral deomposition with respet to P operators, we obtain that∫
aoutσt (k) h˜ (k)
(
ψ
(t)
i,σt
)
P+k
d3k is a vetor in HP and that it belongs to the domain of
HP,σt . Then the proedure onsists in studying the mean value of the positive oper-
ator HP,σt −Eσt (P) on it and in taking into aount the ondition |∇Eσt |P+q| < 1
∀q ∈ supph˜ (if P ∈ Σ) to estimate Eσt (P+ k)− |k| − Eσt (P) < 0 and to onlude
that the vetor is zero.
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